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PREFACE 


In this book authors for the first time introduce the notion of 
supermatrices of refined labels. Authors prove super row matrix of 
refined labels form a group under addition. However super row matrix 
of refined labels do not form a group under product; it only forms a 
semigroup under multiplication. In this book super column matrix of 
refined labels and m X n matrix of refined labels are introduced and 
studied. 

We mainly study this to introduce to super vector space of refined 
labels using matrices. 

We in this book introduce the notion of semifield of refined labels 
using which we define for the first time the notion of supersemivector 
spaces of refined labels. Several interesting properties in this direction 


are defined and derived. 


We suggest over hundred problems some of which are simple some 
at research level and some difficult. We give some applications but we 
are sure in due course when these new notions become popular among 
researchers they will find lots of applications. 

This book has five chapters. First chapter is introductory in nature, 
second chapter introduces super matrices of refined labels and algebraic 
structures on these supermatrices of refined labels. All possible 
operations are on these supermatrices of refined labels is discussed in 
chapter three. Forth chapter introduces the notion of supermatrix of 
refined label vector spaces. Super matrix of refined labels of semivector 
spaces is introduced and studied and analysed in chapter five. Chapter 
six suggests the probable applications of these new structures. The final 
chapter suggests over hundred problems. 

We also thank Dr. K.Kandasamy for proof reading and being 


extremely supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION 


This chapter has two sections. In section one we introduce 
the notion of super matrices and illustrate them by some 
examples. Using these super matrices super matrix labels are 
constructed in later chapters. Section two recalls the notion of 
ordinary labels, refined labels and partially ordered labels and 
illustrate them with examples. These concepts are essential to 
make this book a self contained one. For more refer [47-8]. 


1.1 Super Matrices and Their Properties 


We call the usual matrix A = (aj) where a € R or Q or Z or 
Z, aS a simple matrix. A simple matrix can be a square matrix 
like 


Bec O22. 4 
das 380 
PSO: Sao. ct is 
2. AOL MPA 


or a rectangular matrix like 


ae 0 en ee ee 
30: S98 10k. SO 48 
B=|0 143 0 V7 
278. Or HAD 
LE Ose Se a, 23g 


or a row matrix like T = (9, V2, -7, 3, -5, -J7, 8,0, 1, 2) ora 
column matrix like 


So one can define a super matrix as a matrix whose elements are 
submatrices. For instance 


ay, 12 
A=] a, ay 
a3; az) 
where 
9 O 3.07 8 —-4 
ay=l]l 2 |,ap=|]-l O 9 |j,a,=]/4 5], 
5 -] 2 7 -6 1 2 
[9 3) [9 2 0] 
-1 1 2 3 0 1 2 
ai=|J/3 -7|,an=|/4 5 O | anday=|3 0 4 
9 0 0 8 -l 05 7 
0 8 8 0 0 


are submatrices. So submatrices are associated with a super 
matrix [47]. The height of a super matrix is the number of rows 
of submatrices in it and the width of a super matrix is the 
number of columns of submatrices in it [47]. 

We obtain super matrix from a simple matrix. This process 
of constructing super matrix from a simple matrix will be 
known as the partitioning. A simple matrix is partitioned by 
dividing or separating the simple matrix of a specified row and 
specified column. When division is carried out only between the 
columns then those matrices are called as super row vectors; 
when only rows are partitioned in simple matrices we call those 
simple matrices as super column vectors. 


We will first illustrate this situation by some simple examples. 


Example 1.1.1: Let 


0 
A=/|2 
5 


—_= W ~~ 


5 7 8 4 2 3 
03 45 67 
3 1 1 1 2-1 3) 1.4 


be a 3 X 11 simple matrix. The super matrix or the super row 
vector is obtained by partitioning between the columns. 


(0 7/5 7 8 4]2 3/0 1 2] 
A,=|2 310 3 4 516 7/8 9 O 
[SLB de a 2/2. 208s 1A 


is a Super row vector. 
POF |S: 8 4-213: Or 1/2 


A,=|2 3 
Reese Bi ane Ae ne! 2 a 


is a Super row vector. 


j=) 
ww 
Nn 
nN 
~ 
oo 
\o 
j=) 


We can get several super row vectors from one matrix A. 


Example 1.1.2: Let V=(12345678910947243) bea 
simple row vector we get a super row vector V; = (12314561 
7891019471243) and many more super row vectors can 
be found by partitioning V differently. 


Example 1.1.3: Let 


3.0 1 
05 7 
P23 
V=/4 5 7 
8 9 O 
107 
0 1 4 


be a simple matrix. We get the super column vector by 
partitioning in between the columns as follows: 


[3 0 1] 3 0 1 

0 5 7 0 5 7 

1 2 3 1 2 3 

Vi=/4 5 7) andV.=|4 5 7 

8 9 O 8 9 O 

107 107 

aS 014 
are super column vectors. : 

Example 1.1.4: Let 

X= 


CO WAN DN BP WN 


be a simple matrix. 


10 


1 
Ola NIN NIB WW WY af 


So 


is a super column vector. We can get several such super column 
vectors using X. 


Example 1.1.5: Let us consider the simple matrix; 


O01 2 3 4°55 
Pe 6 7 8 9 10 Il 
14 -8 4 7 3)’ 
2.30 We 3-822 
we get the super matrix by partitioning P as follows: 
O01 2;3);4 5 
P, = 6 7 8] 9 | 10 11 
1 4 -8|-4/7 3 
25 14-5;8 2 


is a Super matrix with 6 submatrices. 


0 1 2 3 4 5 
a, = »,a= ,a= ry 
i 7 i | i 


[1 4 -8 4 7 3 
a4 = ,a5= and ab = . 
[2s tos il 5 8 2 


a a a 
Thus P; = | . Clearly P; is a 4 x 6 matrix. 
a; ae 


4 


11 


Example 1.1.6: Let 


be a super matrix. 


a i i 
a, a, 


where a), a2, a3 and ay are submatrices with 


3 6 3 1 2 4 9 3 
a, = ,a= ,a= and a4 = ; 
1 -3 8 2 7 -l 4 4 


We can also have the notion of super identity matrix as follows. 
Let 


where I, are identity matrices of order t; x t, where 1 <i<r. 


We will just illustrate this situation by some examples. 
Consider 


ry 
Il 
ooo cc oF 
ooo clUcUcChlhr FE hUcO 
cooo.oroco Oo 
oo So" a oo Oo 
coor cooColmUcCcCUCUcO 
orooo#6ece0e0°9o 


is a identity super diagonal matrix. 
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Consider 


oor oO Co oO 


0 0; |0 0 O; {0 1 


is the super diagonal identity matrix [47]. 
We now proceed onto recall the notion of general diagonal 
super matrices. Let 


3 0/0 00 O 
17/0 00 0 
8 9;}0 0 0 0 
m, 0 
s-|1 2]0 00 of-| | 
0 m, 
3.4/0 00 0O 
0 0);4 5 3 2 
POO SO RSE Qe Ty a 
where 
ea 
1 7 
a So a ae 
m=|/8 9] amdm = , 
-1 074 
1 2 
S is a general diagonal super matrix. Take 
[3 4 5 7 8 4/0 0 0 0] 
12 40 3 1);0 0 0 0 
jc a eee ee OY Ie 8 
~10 0000 0/9 6 2 0} |0 k, 
00000 0/0 4 1 2 
000 00 0|5 7 8 1 
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is a general diagonal super matrix. 
Also take 


ool;jooooooyjor rf 
coo o;Co0 CO CO Of}rF FIO oO oO 
co O|;— SF KF eK! Oo O|o co Oo 
eae FP rPIlOooOoooOoeoooeooco 


9 0 
is again a general diagonal super matrix. 
Now [47] defines also the concept of partial triangular 
matrix as a super matrix. 
Consider 


= [M, Mp] 


oo nf 


1 
4 
5 
9 


j=) 


0 0 3|7 8 


is a upper partial triangular super matrix. 
Suppose 


= FF CO; FN W BO 
NY OG FIN WN OO 
oN NI OR OO Oo 


wow BR wWloodao co 
ll 
[=> —<—+ ,h 
2s 
ey | 


1 
oF wWnrK NY KF WN 
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is a lower partial triangular matrix. This is a 2 by 1 super matrix 
where the first element in this super matrix is a square lower 
triangular matrix and the second element is a rectangular matrix. 
We have seen column super vectors and row super vectors. 

Now we can define as in case of simple matrices the 
concept of transpose of a super matrix. We will only indicate 
the situation by some examples, however for more refer [47]. 


Consider 


< 
Il 


i 
jk ON HR OL: 80 


be the super column vector. Now transpose of V denoted by V' 
= [9311024617 2]. Clearly V' is a super row vector. Thus if 


V= 
then 
t 
vi Vv; 
t_ _ t 
Ve=lv,/ =|v 
t 
V3 V3 
9 
For vi =|3| and v, = 
1 


vi = (0246) and v3 = 


(931), vW= and 


nN FN CO 


: dvi =(72 
5 and v, =(7 2). 
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Hence the claim. 


Example 1.1.7: Let P = [3 1025173 216] be a super row 
vector. Now transpose of P denoted by 


3 


P= 


DIN w ntlnn ore 


Thus if P = [P; P»2 P3] where 
P;=(31025), P2=(7 3 2) and P3 = (6) 
then 


and P; =6. 


mack 
I 
nn Oo WwW 
wo 
I 
NY WN 


Thus 


Example 1.1.8: Consider the super row vector 
8 1 0/3 9 2 


X=/0 2 1/6 4 5). 
0 0 4]1 0 1 


Now define the transpose of X. 


16 


8 0 0 
: 1 2 0 
8 1 0/3 9 2 
, 0 1 4 Ay 
X=/0 2 1/6 4 5} =[A; Aj] = 7 ‘ 
3 6 1 AY 
0 0 4/1 0 
9 4 0 
[2 40 HL 
Example 1.1.9: Let 
[Oo 1 2 3 4] 
5 6 07 8 
9 010 2 
3 1 4 0 3 
W, 
w-|T6 05 1|-|¥| 
W, 
27107 
3 8 0 2 0 
49 12 4 
[5 0 4 0 3] 
be a super column vector. 
Now the transpose of W given by 
[Ora 9: 3) To Qe 8) A S| 
1601/6 78 9 0 
W=|2 01 4/0 1 01 4/=[w wy]. 
3.7 0 0/5 0 2 2 0 
4 8 2 3}1 7 0 4 3 


Now having see examples of transpose of a super row vector 
and super column vector we now proceed onto define the 
transpose of a super matrix. 


17 


Example 1.1.10: Let 


2 3/4 5 


1 


1 


0 


9 


6 7/8 9 0 


2 0;0 3 4)0 


be a super matrix, where 


[0 1]. 


M, = (2, 0), Ms = (0, 3, 4) and Mo 


Consider 


9/0 


1 


1 


0 7;2 1 


0 


1 


3 
4 


M 


where 


aN 
— mt 100 
= = 
bn 
TW a | 
ll 

ll “0 

= . 

a C-. 
——— non 
on © 

Now ae a 
a NO 
(ee Jee 

Sy 

ll mT 

oN A 
fl 

——J1 
Oo Mf ON 
no Wo 

ll “NUN 

ame pf 

= M 

Ss 
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0 


t 2 t t 0 
M, = cia and M, = at 


M' is the transpose of the super matrix M. 


Example 1.1.11: Let 


P90 (20-7 
3.0 4)0 5 
6 7 8|9 O M, M, 
M=|2 3 4/0 5|/=|M, M, 
0 1 0/2 1 M, M, 
5 0 8/0 9 
6 1 0)8 O 
be the super matrix where 
[1 9 0] pes) 
M,= »Mo2= ? 
[3 0 4] [9 5} 
[6 7 8] [9 0] 
2-3 4 0 5 
M3= »Ma= > 
0 1 0 2i- 
5 0 8 0 9 


Ms = (6 1 0) and Mg = (8, 0). Consider M', the transpose of M. 


1 3/6 2 0 5|6 
9 0;/7 3 1 O;1 : 
M, M,; M, 
M=|0 4/8 4 0 8/0; = : : ‘ 
M, M, M, 
2 01/9 0 2 0/8 
Le yO SP AL BO 
where 
1 3 6 2 0 5 
t t 2 0 t 
M, =|9 O =|) s)Mi|7 31 ol, 
0 4 8 4 0 8 
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is the transpose of the super matrix M. 

We say two 1 X m super row vectors are similar if and only 
if have identical partition. That is partitioned in the same way. 

Consider X = (0 121341509) and Y=(305121181 2) 
two similar super row vectors. However Z = (01123145019) 
is not similar with X or Y as it has a different partition though X 
=Z=(0 12345 0 9) as simple matrices. Likewise we can say 
two n x | super column vectors are similar if they have identical 
partition in them. 

For consider 


9 2 
8 1 
7 0 
0 3 
X= {1/)] and Y=]7 
2 8 
3 0 
4 1 
5 2 


two super column vectors. Clearly X and Y are similar. 
However if 


20 


is a 9 X 1 simple column matrix but X and Y are not similar 
with Z as Z has a different partition. 


We now proceed onto give examples of similar super matrices. 


Example 1.1.12: Let 


aoe Oi B38 
0101 4567 
ae ae ae 8 9 1 0 
0304 i a-a2 
4010 (oh a 
ASS. oa | eS ee 
cs Oe ea | i ea 8 
2D) D 1920 
4444 ele a a 
05 5 0 a 


be two super column vectors. Clearly X and Y are similar super 
column vectors. 
Consider 


Ww —_ 
- N 


ry 
ll 

anes nae 

oF WNIT OD 


7 | 
N 


a super column vector. Though both P and Y have similar 
partition yet P and Y are not similar super matrices. 


Thus if P and Y are similar in the first place they must have 
same natural order and secondly the partitions on them must be 
identical. 


Example 1.1.13: Let 


23 7/0 2);5 7)9 O 4 
X=/0 5 8 3 1 5 
1 6 9/1 1 8/1 3 6 
be a super row vector. 


Take 
1 3 OJ1 8/9 1/7 6 3) 1 


Y=/0 4 0/0 1)/7 0/4 0 9}2 
25 71/0 2|/8 2/2 1 143 


be another super row vector. Clearly X and Y are similar super 
row matrices. That is X and Y have identical partition on them. 


Example 1.1.14: Let 


ee ees || 
7 8 9/0 1 
1 =~ Oj) 8 
X= 
20 4/10 9 
B38 Se. A 
[1 0 2|-4 2] 
and 
rt B Be] a. S84] 
6 77/9 O 
a i | Pe 3 
Y= 
A Se BH 
7 0 0/0 7 
0 1 2/3 1 


be two super matrices. 
Both X and Y enjoy the same or identical partition hence 
X and Y are similar super matrices. 


22 


Example 1.1.15: Let 


1. 2D. /3 oe 5 
3 O}|1 0 2 
bo B50" Sk 2 
= ee a ee ae 
X=|0 -5/1 0 1 
1 2 ]/-1 4 0 
0 1/2 0 1 
1 oO|0 1 2 
= ee ae ee | 
and - - 
[Ae OQ Ae 5] 
OP SEs 0. <2 
ae alls tae cme’. 
0 8/0 7 0 
Yor 1 St 8: : 1) 6 
8 0/0 9 1 
37/7) 20°. 2 
2 -1/6 4 0 
0 4/0 2 1 


be two super matrices. 

Clearly X and Y are similar super matrices as they enjoy 
identical partition. We can add only when two super matrices of 
same natural order and enjoy similar partition otherwise 
addition is not defined on them. 


We will just show how addition is performed on super matrices. 


Example 1.1.16: Let X =(01211-3451-7890-1) and Y= 
(8 -1 31-1 23418 10 1 2) be any two similar super row 
vectors. Now we can add X with Y denoted by X + Y=(0 121 
1-3451-7890-1)+(8-131-1234181012)=(805100 
-17911991 1). We say X + Y is also a super row vector 
which is similar with X and Y. 
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Now we have the following nice result. 


THEOREM 1.1.1: Let S = {(a; az a3 | dg ds | dg a7 Ag ag |... | An-1, 
Qn) | a; € R; 1 Si Sn} be the collection of all super row vectors 
with same type of partition, S is a group under addition. Infact S$ 
is an abelian group of infinite order under addition. 


The proof is direct and hence left as an exercise to the reader. 

If the field of reals R in Theorem 1.1.1 is replaced by Q the 
field of rationals or Z the integers or by the modulo integers Z,,, 
n < still the conclusion of the theorem 1.1.1 is true. Further 
the same conclusion holds good if the partitions are changed. S 
contains only same type of partition. However in case of Z,, S 
becomes a finite commutative group. 


Example 1.1.17: Let P = {(a; | a2 a3 | a4 as a6 | a7 Ag Ag Ajo) | a; E 
Z; 1 <i< 10} be the group of super row vectors; P is a group of 
infinite order. Clearly P has subgroups. 

For take H = {(a, | az a3 | a4 a5 ag | a7 Ag A Ayo) 1a; € SZ; 1 <i 
< 10} c P is a subgroup of super row vectors of infinite order. 


Example 1.1.18: Let G = {(ai a2! a3) lai € Q; 1 <i<3} bea 
group of super row vectors. 


Also we have group of super row vectors of the form given by 
the following examples. 


Example 1.1.19: Let 


Ais 
G=,/a, a,|a a, Ay a7 | ay |ja,eQ1<is<21 
a, 6 Ay a) 415 Aig a5, 


be the group of super row vectors under super row vector 
addition, G is an infinite commutative group. 


a, a, 
ag 19 
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Example 1.1.20: Let 


a oe 
1 3 5 

v= 
a5. ay Bs 


seRsisto} 


be a group of super row vectors under addition. 

Now having seen examples of group super row vectors now we 
proceed onto give examples of group of super column vectors. 
The definition can be made in an analogous way and this task is 
left as an exercise to the reader. 


Example 1.1.21: Let 


M= 4/4, | Ja,€ Z,1<i<9 


be the collection of super column vector with the same type of 
partition. 

Now we can add any two elements in M and the sum is also 
inM. 


For take 

3 7 

2, 0 

-1 1 
4 2 

Xx=|-7] andy=j] -l 

z 5 

0 9 

5 2 

2 -1 

in M. Now 


25 


3 7 10 

2 0 2 

—1 1 0 

4 2 6 
x+y=|-7}4+]-1 8 

8 5 13 

0 9 

5 

2 -1 


is in M. Thus M is an additive abelian group of super column 


vectors of infinite order. 
0 


Clearly 


oS TS eS Ole aa 


Example 1.1.22: Let 


ag 


be a group of super column vectors under addition. 


a,€Q,1<i<8 
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acts as the additive identity in M. 


Example 1.1.23: Let 


Ay “As. “Ag 
Be hy: Sg 

M=4/a, a, 4, |{a,¢R,1sis<21 
Rem: Oe 


be a group of super column vectors under addition of infinite 
order. Clearly M has subgroups. 
For take 


V=4lay a, a, |ja,eQ1si<21; CM 


Aig 47 Aig 


Ao Axo ay) 


is a subgroup of super column vectors of M. 


Now we proceed onto give examples of groups formed out of 
super matrices with same type of partition. 


Example 1.1.24: Let 


Ay ~Ag: || Ag ay AS 
a, a, ag ay 19 
Aig. Oe ieee ee 
11 12 13 14 15 . 
M= a,€ Q,1 <1 <30 
16 ay; aig Aig Ayo 
a5, 55 Ay, Ay, Ags 
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be the collection of super matrices of the same type of partition. 


Consider 
[Oo 1 |2 3 4] 
5 6 {0 1 2 
1 0);2 01 
© ae Onli 26 
1 -4/2 0 1 
12 0/0 1 2] 
and 
[3 O/1 0 2] 
8 1/3 6 0 
7 6|1 6 2 
art 21S: ok 0 
3 417 0 2 
[> 204.0 NT | 
be two super matrices in M. 
13 1/3 3 6] 
13. 7);3 7 2 
8 6/3 6 3 
x+y = | ——_ 
4 2};6 3 0 
4 0}9 0 3 
7 6)0 2 0 


is in M and the sum is also of the same type. 


Thus M is a commutative group of super matrices of infinite 
order. 
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Example 1.1.25: Let 


a, a, a; a, as 
ae a, as ay Ai 
ai, ai ai; aig ais 
Ai a7 aig Aig Ano 
P=] a,, a5 | a3 | a4 a; | }a,eZ,1Sis 45 
An an, Ang Ang A539 
as, Ax, a3; As4 435 
A as, As As Ago 
Ag, Ag | Agg | Ayq  A45 


be a group of super matrices of infinite order under addition. 
Consider the subgroups H = {A € P | entries of A are from 3Z} 
c P; H is a subgroup of super matrices of infinite order. Infact P 
has infinitely many subgroups of super matrices. 


Consider 
0 Oja, | 0 O 
0 Oja,| 0 O 
0 Oja,| 0 O 
a, a,;| 0 |a, a, 
W=)/a a,] O Jay a,, |Ja,€3Z,1sis15 
0 Oja,}|O0 O 
0 Oja,}| 0 O 
0 Oja,| 0 O 
0 Oja,|O0 O 


Cc P is a subgroup of super matrices of infinite order under 
addition of P. Now we cannot make them as groups under 
multiplication for product of two super matrices do not in 
general turn out to be a super matrix of the desired form. 


Next we leave for the reader to refer [47], for products of super 
matrices. 
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1.2 Refined Labels and Ordinary Labels and Their 
Properties 


In this section we recall the notion of refined labels and 
ordinary labels and discuss the properties associated with them. 
Let L;, Ly, ..., Lm be labels where m 2 1 is an integer. 

Extend this set of labels where m = 1 with a minimum label 
Lo and maximum label L,,4;. In case the labels are equidistant 
i.e., the qualitative labels is the same, we get an exact qualitative 
result, and the qualitative basic belief assignment (bba) is 
considered normalized if the sum of all its qualitative masses is 
equal to Linax = Lms1 [48]. 

We consider a relation of order defined on these labels 
which can be “smaller” “ less in quality” “lower” etc. L; < L, < 

. < Ly. Connecting them to the classical interval [0, 1] we 
have O=L,<Ilo<...<Lji<...< Ly < Lay) = 1 and 
i 


j= 


m+l1 
fori e {0, 1, 2, ...,m, m+ 1}. [48] The set of labels L= {Lo, 
Li, ..., Lin, Lisi} whose indices are positive integers between 0 


and m+l, call the set 1-tuple labels. The labels may be 
equidistact or non equidistant [ ] call them as ordinary labels. 

Now we say a set of labels {L), ..., Ln} may not be totally 
orderable but only partially orderable. In such cases we have at 
least some L; < L;, i 4; 1 < 1, j < m, with Lo the minimum 
element and Ly», the maximum element. We call {Lo, Li, ..., 
Lm, Livi} a partially ordered set with Lo = 0 and Li = 1. Then 
we can define min {Li, L,} = Lj 7 L; and max {Li, Lj} =L) UL; 
where Li M Lj = Lx or O where Lj > Ly and Lj > Lyand Lj U Lj = 
L, or 1 where L, > Li andL,>L);0<k,t,ijsme+l. 

Thus {0 = Lo, Li, ..., Lm, Lae = 1, U, A (min or max)} is a 
lattice. 


When the ordinary labels are not totally ordered but 


partially ordered then the set of labels is a lattice. It can also 
happen that none of the attributes are “comparable” like in study 
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of fuzzy models only “related” in such cases they cannot be 
ordered in such case we can use the modulo integers models for 
the set of modulo integers Zn; (m+1 < 0) (n = m+tl1) is 
unorderable. 


Now [48] have defined refined labels we proceed onto 
describe a few of them only to make this book a self contained 
one. For more please refer [48]. The authors in [48] 
theoretically extend the set of labels L to the left and right sides 
of the interval [0, 1] towards - oo and respectively to ©. 


So define 
Lz = ms jiez| 
. {i d 


where Z is the set of all positive and negative integers zero 
included. 

Thus Iss = ee Lj, sides Tea; Lo, Ly, seks Li, et = {L; /j E Z} 
that is the set of extended labels with positive and negative 
indexes. 

Similarly one can define Lo 2 {L, /q € Q} as the set of 
labels whose indexes are fractions. Lg is isomorphic with Q 


through the isomorphism fg (L,) = = for any qé€ Q. 
m+ 
Even more general we can define 


Le | : rer} 
m+l1 


where R is the set of reals. Lg is isomorphic with R through the 


isomorphism fp (r) = aa for any r € R. The authors in [ ] 
m+ 


prove that {Lr, +, x} is a field, where + is the vector addition of 
labels and x is the vector multiplication of labels which is called 
the DSm field of refined labels. Thus we introduce the decimal 
or refined labels i.e., labels whose index is decimal. 


For instance L3/;9 = Lo3 and so on. For [L;, L2], the middle 
of the label is Lis = Lap. 


They have defined negative labels L; which is equal to —-L;. 
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(Lr, +, X, .) where *.” means scalar product is a commutative 
linear algebra over the field of real numbers R with unit element 
and each non null element in R is invertible with respect to 
multiplication of labels. 


This is called the DSm field and Linear Algebra of Refined 
labels (FLARL for short). 


Operators on FLARL is described below [48]. 


Let a, b, c € R and the labels 


ie ee ee 
m+l m+l m+l 


Let the scalars a, B € R. 


ee en ae ee CEES, ON 
m+l m+l m+l 


Bes a b a7 ADE 
m+l m+l m+l 


La X Ly = Lema 
since 


a b  _ ab/m+1 
m+l m+l  m+¢l — 


For a € R, we have 
a. L, = Ly & = Log 


since 
a.L,= o. os OO 
m+l m+l 

For 
a@=-1;-1L,=L_,=-L,. 

Also 
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ts ea ee a 
B B 
BOE Ie ane eg 
m+1 B m+l  £B(m+l) 
L,+L,= Lias)imst) 
since 
a. b _a_(a/b)m+l 
m+l m+l bb m4l 
=L , 
[=e 
(L,)? = Lo lamsye 
since 
a \P a?/(m+tPt 
m+l m+l 
for allpe R. 


fC, = 0" 


L 
alms’ 


this is got by replacing p by 1/k in (L,)?. [ ] 


Further (Lr, +, X) is isomorphic with the set of real numbers 
(R, +, X); it results that (Lr, +, x) is also a field, called the DSm 
field of refined labels. 


The field isomorphism 


fp: Lp > R; fe (L,) = £ 
m 


+1 


such that 
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fa (La + Lp) = fr (La) + fr (Lo) 


since 
fr(La + Ly) = fr Las) 
_ a+b 
~ m+li 
so 
Riese 4 ee 
m+l m+l m+l 
fr (La X Lp) = fr (La). fr (Lo) 
since 
fr (La X Ly) = fr Leabyim+)) 
S ab 
~ (m+) 
and 
a b 
fr (La) X fr (Lp) = er 
m+l m+l 
_— ab 
~ (m+)? ” 


(Lr, +, .) is a vector space of refined labels over R. 

It is pertinent to mention here that (Lr, +, .) is also a vector 
space over Lp as Lp is a field. So we make a deviation and since 
Lr = R, we need not in general distinguish the situation for we 
will treat both (Lr, +, .) a vector space over R or (Lr, +, .) a 
vector space over Lr as identical or one and the same as Lr = R. 

Now we just recall some more operations [48]. 


Thus (Lr, +, X, .) is a linear algebra of refined labels over 
the field R of real numbers called DSm linear algebra of refined 
labels which is commutative. 

It is easily verified that multiplication in Lp is associative 
and multiplication is distributive with respect to addition. 
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Lin4i acts as the unitary element with respect to multiplication. 


L,. Lins = Lam+! 
oo Linsia 
Lintt-La 


Lacm+ 1)/m+1 
= EE 


All L, # Lo are invertible, 


-l a = 
(La) Lnaty" la LO 


Ly. (Ly) L,. L 


(m41)?/a 


(a(m41)? /a)/m+1 


= Lins 


Also we have for w@ € R and L, € Lr; 


L,+ = ar+l, 
= Lato (m+) 
since 
o(m+1 
a+L, = DDG 
m+l 


= Lem + La 
= Legm+t+a 
= Lat Lown) 
= Lasacmn. 


= om + 1) 
m+1l 


= La = Lo (m+) 


= La- (m+) 
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and 


a-L, = Le (m1) -a+ 
Further 
Li. 
2#=L,x—=L, 
a Qa a 
fora #0. 
a+ La= a(m+1)" 
as 
a L, = a(m +1) + La 
m+l 
= Legm+ty + La 
aa Lioqm+t)/a)em+1 
= L [48]. 


m+? 
a 


It is important to make note of the following. 

If R is replaced by Q still we see Lg = Q and we can say 
(Lg, +, .) is a linear algebra of refined labels over the field Q. 

Further (Lr, +, .) is also a linear algebra of refined labels 
over Q. 

However (La, +, .) is not a linear algebra of refined labels 
over R. For more please refer [48]. 
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Chapter Two 


SUPERMATRICES OF REFINED LABELS 


In this chapter we for the first time introduce the notion of 
super matrices whose entries are from Lp that is super matrices 
of refined labels and indicate a few of the properties enjoyed by 
them. 


DEFINITION 2.1: Let X = (L,,L,,...,L,) be a row matrix of 


refined labels with entries L, € Lr; 1 Si Sn. If X is partitioned 


in between the columns we get the super row matrix of refined 
labels. 


Example 2.1: LetX = (L, L,,|L,, L,, L,, Ly, |L,,);ai€ Le: 


1 <1<7, be a super row matrix (vector) of refined labels. 


Example 2.2: Let 


Web iy, Ty, On Ea 


9 


Oras Dro Osa Do 


L, € Lr, 1 <i< 10, be a super row matrix of refined labels. 


Now for matrix of refined labels refer [48]. We can just say if 
we take a row matrix and replace the entries by the refined 
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labels in Le and partition, the row matrix with refined labels 
then we get the super row matrix (vector) of refined labels. 

Now we see that two 1 X n super row matrices (vectors) are 
said to be of same type or similar partition or similar super row 
vectors if they are partitioned identically. For instance if x = 


(15 le. ee, +4 [leg) and y = (Ly, hen om 


super row vectors of refined labels then x and y are similar or 
same type super row vectors. 


ve Eg, ) are two 


Suppose z = (L, L., L,,|L,, ...|L.,, L,,) then z and x 


are not similar super row vectors as z enjoys a different partition 
from x and y. 

Thus we see we can add two super row vectors of refined 
labels if and only if they hold the same type of partition. For 
instance if 


or | aes Oe rae Co ORR 


L,, 


and 
y= (L,, L,, L,, L,, i.) 


where L,,L, € Lr we can add x and y as both x and y enjoy 


L,, 


the same type of partition and both of them are of natural order 
1x6. 


xty=(L, Ly, Ly te hy) 


ay as 


L,, 


(hg: La, Os EN Er 


L,, 


=e: +L, om +L, L,, +L,, L,, +L, L,. +L,,) 


L, +L, 


re (pare Con Rt | Comet Corea OM oan Oe 


We see x + y is of the same type as that of x and y. In view of 
this we have the following theorem. 


a, +b, a, +b, a, +b; aytby a; +b; 


THEOREM 2.1: Let 


v={(z,, a. re, | 


ay, 


L, €Lgs1<isn} 


i ae 


be the collection of all super row vectors of refined labels of 
same type. Then V is an abelian group under addition. 
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Proof is direct and hence is left as an exercise to the reader. 
Now if 


denotes the super matrix column vector (matrix) of refined 
labels if 

(i) Entries of X are elements from Lp. 

(ii) X is a super matrix. 

Thus if a usual (simple) row matrix is partitioned and the 
entries are taken from the field of refined labels then X is 
defined as the super column matrix (vector) of refined labels. 

We will illustrate this situation by an example. 


Example 2.3: Let 


2 


2 
a 


where [= Lr; 1 <i <7 be the super column vector of refined 


labels. 


Example 2.4: Consider the super column vector of refined 
labels given by 
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1 
E> iG he 
] 


7 


ee 


where L,, € Ly; 1 <1< 10. 


Example 2.5: Let 


where L, € Lr; 1 $i < 4 is a super column vector of refined 


labels. 

Now we can say as in case of super row vectors of refined 
labels, two super column vectors of refined labels are similar or 
of same type is defined in an analogous way. 

We will illustrate this situation by some examples. 

Consider 


2 i E _ ce = 
Te Ee 
L, L, 

A=| °]andB=|_ ° 
L,, L,, 
L,. L,. 
ee L,. 
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be two super column vectors of same type of similar refined 
labels; L, Ly, € Ly; 1 $i,j <6. Take 


ES? alsy Jee 
aS oe 


ing 
x 


be a super column vector of refined labels, we see P is not 
equivalent or similar or of same type as A and B. 
Now having understood the concept of similar type of super 
column vectors we now proceed onto define addition. In the 
first place we have to mention that two super column vectors of 
refined labels are compatible under addition only if; 
(1) Both the super column vectors of refined labels A and 
B must be of same natural order say n x 1. 
(2) Both A and B must be having the same type of 
partition. 


Now we will illustrate this situation by some examples. 
Let 


ri, 7 rL, . 
ie L,, 
L,. L,, 
Ey L,, 

A= Ec and B = i 
L,, L,, 
L, L,. 
L,, L,, 


4] 


be two super column vectors of refined labels over Lp; that is 
L,.L, ¢Lrel<ij<8. 
Clearly A and B are of same type super column vectors of 


refined labels. 
Consider 


the super column vector of refined labels is not of same type A 
and B. Clearly all A, B and M are of same natural order 8 x 1 
but are not of same type as M enjoys a different partition from 


A and B. 


In view of this we have the following theorem. 


THEOREM 2.2: Let 


L, €Ly;1Sisn 
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be a collection of super column vectors of refined labels of same 
type with entries from Lr. K is a group under addition of infinite 
order. 


The proof is direct and simple hence left as an exercise to the 
reader. 


Let 
L, L, 
L, Ti 
L,. L,, 
Ee L,, 
A=|L,. | andB=| L,, 
L,, L,, 
L, L,, 
L,, L,, 
L,, L,, 
where lL. “Ly, e€ Lr; <i iz 9 and _ 
pee orn eee ee ea | 
L,, L,, L,, +L, Ls se 
L,. L,. L, +L, List, 
Li, L,, L, +L, Li ay 
A+B=/L, | +], ) =| 0, +0,, | = | Lagat, 
L,, L,, L,, +L,, Linge. 
L, L,, L, +L, Lis ay 
L,. L,, L, +L,, Laat, 
L,, L,, L, +L, Liss, 


It is easily seen A + B is again of same type as that of A and B. 
Now the super row vectors of refined labels and super 

column vectors of refined labels studied are simple super row 

vectors and simple column vectors of refined labels. We can 
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extend the results in case of super column vectors (matrices) 
and super row vectors (matrices) of refined labels which is not 
simple. 


We give just examples of them. 


Example 2.6: Let 


ay L,, L,, alo an L,, 
Y= io) L,, L,, ayy 443 L,,, 
a3 a6 L,, L,,, L,., alg 


where L,. € Lr; 1 <i < 18 bea super row vector of refined 
labels. 


Example 2.7: Let 


De Tie se OT 
[es the. Wy, My, 
L, Li by, ba, 
On eee ORE oe 
L, L, L,, L,,, 
Po, ese eg SU 
Bb 
Le iy. le Se. 
Os Sie Ean ER 
Le. Me ees “1 


where Ly € Lr; 1 <i < 40 be a super column vector of refined 


labels. 

When we have m X n matrix whose entries are refined 
labels we can partition them in many ways while by partition we 
get distinct super column vectors (super row vectors); so the 
study of super matrices gives us more and more matrices. 
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For instance take 


rL, 2 
Legs 
L,. 
L, 
v= L,, 
L,. 
L, 
L,. 
where L, € Lys 1 <i< 8. Now how many super matrices of 
refined labels can be built using V. 
L, L, L, L, 
ee Ey L,, L,, 
Le L,, L,, L,, 
ES ey L,, LE. 
Mele eri. Per hae P 
Ls L,, L,, L,, 
L,, L, L, L, 
L,, L 1 L,, 
cL, | Ll [L,, | Ey 
L, L,, Ls 1m 
Ly, L,, L,, L,, 
Ey, i 5, im 
Vs= om »Vo= L, ,W= ies , Vg= mi , 
ee L,, Ly L,. 
L, L,, L,, Ly, 
L,, L,, L,, L,, 
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l 
ei ah 
L 


on 
a 


= 


+ 


) 


— 


a 
CI 


— 


=) tT 


90 


G) 


— 


l 
> 


i] 
a at 


a 


= 


xt 
CG 


= 


zt 


= 
a 


— 


ay 


G) 


— 


[ 
a a 


oo 
CI 


— 


cy el 


Ro 
3 


— 


ee 
G) 


— 


oo 


CS) 


| 


] 
=a 


I 
aT cae 
L 


=i an 


a 
CI 


= 


K 
a 


— 


| 


20 


G) 


— 


Ml 
a 


i 
a Psi a Jy ai =5 


— 


Cy 


— 


nek tT - of} 


RB > 


co 
3 


| 


l 
> 


i 
a mei ey Jy Pah = 


i 
3 


a 


90 
3 


— 


l 
> 


on 
CI 


— 


+t 
) 


— 


wo 
GI 


= 


a 


— 


I 
ai ea 
L 


CG) 


= 


i 
> 


a Pi (sr ree are ll gees 


G) 3 


] 
> 


a el 


EF. 


= 


aa mi 


ae | 


ay. «ye 2, 


i 
> 


and so on. 
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Thus using a single ordinary column matrix of refined 
labels we obtain many super column vectors of refined labels. 
So we can for each type of partition on V get a group under 
addition. This will be exhibited from the following: 

Consider 


L,, L,, L,, L,, 
L,, L.. L,, Li 
X= t. » X= o. ,X3= Ly ,Xy= L, , 
Ly L,, L,, L,, 
L, L, L, 
Gs Ee, L,, 
X5= L, , Xo = Ea and X7 = ie 
L L L 


Thus we have seven super column vectors of refined labels 
for a given column vector refined label X. 
Now if 


Ti=4X,= L, eLgslsis4 


be the collection of all super column vectors of refined labels. 
Then T, is a group under addition of super column vectors of 
refined labels. 
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Likewise 


T)= 4X, = L, €Laslsis4 


is a super column vector group of refined labels. 
Thus T; = { plSsis 4} is a super column vector 


of refined labels i=1,2, 3, ..., 7. Hence we get seven distinct 
groups of super column vectors of refined labels. 


Consider Y = he L,, L,, La, bi.) be a super rows 


vector (matrix) of refined labels. 


ely = Nee (be Ey 
2 ro | Gees OM Be Ser ie Ns Ore By 
Yee (UoiE, ever, 


(L, 
= (L, 


J 
L,,). 
L,,). 
L,,). 
.) 
.). 
‘ 


Yoo (Ly. Ti, eer ie eg el a 

Vied |b Ne Nag (lee ie 

Yn=(L, as Yu=(L, ne 
and Yi5 = . . a 


Thus we have 15 super row vectors of refined labels built 
using the row vector Y of refined labels. Hence we have 15 
groups associated with the single row vector 


KS, Vy Te bs.) 


of refined labels. 
This is the advantage of using super row vectors in the place 


of row vectors of refined labels. 
Consider the matrix 
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of refined labels. How many super matrices of refined labels can 


be got from P. 


aa Jy =i SM a ay oy > aa Bail a Le op ae “ae 2 pea ei) ai 


e 


a 


ae 
L 


10 
10 
410 


a ei Tt ae nak oe =) 3 a pa Ff = sai] | = eS 
JL 11 dk | 


een | 


I 
nN 
Oy 


»Py= 
»Po= 
»Pg= 
» Pio 


a 


a ot os ae ay ay ay ae = a es a zi =) at ee es af y = 


Ea 
a 


a or 54 


af a Jy a a mh esi ee eu or i at ae oe mid me a 


6 
a 


Sy gg) 
L 


10 
10 
10 


Coe, ok ey gt eae de Ee ea ee ee 2 ea a 
IL : at L i} 


! 


I iH} I I 
= en te) ea 
On Oy Ay Oy 
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2 


on ° a 


12 


oo 2 
s a Gi a 


i ai a5 ie af ay a y re) 4 =i ke as ar 3 s mi oy at cs ) = = 


a wn oo 


Faas fay sya ayy aie ja a 


Pte EM ged ay a eg? eS Ser eel en 
rr nn 
II Il II II 
= 3 Ss Q 
fa ra any faa 
Pal 1 , 


- ze ei ei 2S Jy ei a He a cp zy = res 


re apr aes | y 


el ee tee er cae a 


a 


an i 3 


eae) eS og 2h tee ea 
L L 


Yo aii a A alla 


aw i aa jaw fal oo 


ae tes, 
M 
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Ny (te fi Alli. (ls 
L,, | ba | ba, Lay | bay | ba, 

a Niie [ie Ade rele) es. [eben 
one ae cme era ee 
L,. im em E Ie. L,. 
Ls L,. L,. Ty, Thee L,. 

a a Oba 
| eee Oo He eel lea 


and 
be Lee. L,, 
L, Lb | La, 
mas Le L,. L,, 
aX ayy L, 


Thus the matrix P of refined labels gives us 27 super matrix 
of refined labels their by we can have 27 groups of super 
matrices of refined labels using Pj, Po, ..., P27. Now suppose we 
study the super matrix of refined labels using Lavy i {L,lre 


R* U {O}} then also we can get the super matrix of refined 


labels. In this case any super matrix of refined labels collection 


of a particular type may not be a group but only a semigroup 
under addition. Let 


X= {(L i L,,) Ls, € Lye } 

ay as a6 a R°U{0} 

be a collection of super row vector of refined labels with entries 
from Lupo)" Clearly X is only a semigroup as no element has 


os a 


inverse. 
Thus we have the following theorem. 


THEOREM 2.3: Let 


51 


be a collection of super row vectors of refined labels. X is a 
commutative semigroup with respect to addition. 


The proof is direct and simple and hence left as an exercise to 
the reader. 


Now consider 


2 


Ee ue 


2 


be the super column vector of refined labels. 
Now we say as in case of other labels that two super column 


vectors of refined labels x and y from L,, are equivalent or 
R*U{0} 


similar or of same type if both x and y have the same natural 
order and enjoy identical partition on it. 

We can add only those two super column vector refined 
labels only when they have similar partition. 

Consider 


Por 


2 
we 
s 

ow 


xX=/L, | andyY=|L, 


L,. L,. 

L,. L,. 

15, L,, 
where Ly € Loo}? l< i <7 _— 
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X+Y is defined and X+Y is again a super column vector of 
refined labels of same type. In view of this we have the 
following theorem. 


THEOREM 2.4: Let 


be the collection of super column vectors of refined labels of 


same type with entries from Eig M is a semigroup under 


addition. 


This proof is also direct and hence left as an exercise to the 
reader. 


Now we show how two super column vectors of refined 
labels are added. 


Let 
L, L,, 
L,, L,, 
E L,, 
L,, L,, 
X= Pe and Y = is 
L,, L,, 
L, L,, 
L,, L,, 
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be any two super column vectors of refined labels. Both X and 
Y are of same type and X+Y is also of the same type as X and 
Y. We see now as in case of usual super column vector of 
refined labels we have 


L, L,, L,, 
L,, L,, on 
Ly, L,, i 
a Lig Ay. snp. 
L,, I. Ly, 
a Oa OF 


is a super column vector of refined labels from the set L,, ‘aye 


Likewise 


417 


aig 


L 
L 
L L,. Di 0) 
a3 a7 an als a9 423 


ly, | Lg, ob L L L 


a4 ag ala a6 Ax Ang 
is a super row vector of refined labels and it is easily verified Y 
is not a simple super row vector of refined labels. 


Now it is interesting to note L,, i. {set of all refined 


Ufo 
labels with positive value} is a semifield of refined labels or 
DSm semifield of refined labels and L =R* vu {0} [48]. 


RtU(0} 


Thus we see further 


ay E. L,, Ly, 
A= as Ie L, L,, 
L,, L,,, ayy | L,,, 
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is a super matrix of refined labels with entries fromL, . ae 


Suppose 
Dog gs, STg' 
L, es L, L, 
A= 5 6 7 8 
L,, L,,, L,, L,, 
L,,, L,,, L,,, L,,, 


be a super matrix of refined labels with entries from L,., ye 

Now if we consider super matrices of refined labels with entries 

from L_, of same natural order and similar type of partition 
R*U{0} 


then addition can be defined. 


We will just show how addition is defined when super 
matrices of refined labels are of same type. 


L, eR a3 L,, L,. 
a 6 |e ae ce Ee 
Let A= c, L,. 7 i and 
Bi. See: ee. Be 
ee eg Fe e 
= i. te ee a 


be any two super matrices of refined labels with entries from 
L “dts 1<i<20. 


R 
De, ig (|| te, Ee, - es 
Li, L, L, Ly, Li 
A+Be= 6 7 8 9 10 + 
L,, L,,, 443 L,,, L,., 
L,,, L,,, aig L,, L,,, 
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L, +b; L, +b L,, +b; Le, +b, esi 
= Ee +be L, +b, L,, +bg L,, +by Ee 
De au or Tes Tos eas Peer 
Los. Desi L, +b, Lae Lite 


We see A+B, A and B are of same type. In view of this we 
have the following theorem. 


a, a, a; 
THEOREM 2.5: Let A = 4| a, a; 4, || a; are submatrices of 
GQ, Ag Ay 


refined labels with entries from Logie I1sis9). Aisa 


semigroup under addition. 


Here A is a collection of all super matrices of refined labels 
where a;, a. and a3 are submatrices of refined labels with same 
number of rows. Also ay, a5 and ag are submatrices of refined 
labels with same number of rows. a7, ag and ao are submatrices 
of refined labels with same number of rows. 


Similarly a;, a, and a7 are submatrices of refined labels with 
same number of columns. a, as and ag are submatrices of 
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refined labels with same number of columns. a3, ag and ao are 
submatrices of refined labels with same number of columns. 
Thus A is a semigroup under addition. 


Now L eng gives the collection of all refined labels and 


L 10) = Q vu {0}, infact Lo. 


Qu } = Leute 


U{0 


Suppose we take the labels O = Lp < Li<In<...<Ln= 
Lit = 1, that the collection of ordinary labels; then with min or 
max or equivalently or U, these labels are semilattices or 
semigroups. That is L= {0 =Lo<Li<Ikn<...<Ln<Lnn=1} 
is a semilattice. Infact when both U and mM are defined L is a 
lattice called the chain lattice. 


Let P={(L, 1, [LL 


a4 


L,,) |b, eL} =In<Li< 


.. <Ln < Linni= 1} be a super row vector of ordinary labels. We 
say two super row vector ordinary labels are similar or identical 
if they are of same natural order and hold same or identical 
partition on it. We call such super row vectors of ordinary labels 
as super row vectors of same type. 

Let 


X= (L, || Ly Ly | Ty Leg Ly and 


a4 


be 7 (G. | L,, L,, | L,, L,, L,.) 
be two super row vectors of ordinary labels; L,, Ly, € L={0= 
Lo< Li <ln<...< Lan < Lm = 1}, 1 <i, j < 6. Now ‘+’ cannot 
be defined. We define ‘U’ which is max (L,, Ly, ). 


TmsXO¥= (LE, Dy |e Le Te) e 


a4 as a 


(Tog leg Hei bg, eee eg) 
=, | Oye) bral SG) ONnmy Inf) Veet One) Cems a; Een era 
= (max{L,,L, } | max {L,,L,,}, max {L,,,L,, }l max 
{L,,.L,,} max {L,.,L,, } max {L, ,b,, }) 


=) (Oa Oe em [fey ee L..); 


be 
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We see X, Y and X U Y are same type of super row vectors 
of ordinary labels. 

In an analogous way we can define X ~ Y or min {X,Y}. 

X OY is again of the same type as X and Y. 

Now we have the following interesting results. 


THEOREM 2.6: Let V = 
{(L, DN Me Bee edhe Eee: Ea) 


a, 


L 


a; 


€ L={0=1o< Lk, <... < Ln < Lnyi= 1}; 1 Si Sa} be the 
collection of super row vectors of ordinary labels. V is a 
semigroup under ‘VU’. 


THEOREM 2.7: Let V= 
{(z L L,, | L,, | L,. Ly, | L, ie | aa | L,., L ) 


a) a> a 


EL={0=lL,<L, Sls < Ln = Ling, = 1}; 1 Si Say} be the 
collection of super row vectors of ordinary labels. V is a 
semigroup under ‘7’. 


The proof is left as an exercise to the reader. 


In the theorem 2.7 if ‘M is replaced by ‘U’, V is a 
semigroup of super row matrices (vector) of ordinary labels. 
Now consider 
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where € L={0=L)<L, 


<...<Lia< Liv=l}, 1$i< 8, P is a super column vector of 
ordinary labels. Now we cannot in general define U or M on any 
two super column vectors of ordinary labels even if they are of 
same natural order. Any two super column vectors of ordinary 
labels of same natural order can have U or ~™ defined on them 
only when the both of them enjoy the same type of partition on 
it. 

We will now give a few illustrations before we proceed on 
to suggest some related results. 


Let 
ie Be 
Es Li, 
is ie 
Ly Le 
T=|L,, | andS =| L,, 
L,, Lo 
Lx Li, 
Ls. Ls 
Lz Ly 


be two super column vector matrices of ordinary labels where 
L,.L, € {L;0=Lo<Li<li<..<bin< bmi}; 1 Si,j <9. 


Now we define min {T, S}=T © S as follows min {T,S}= 
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min { 


=TOS= 


2 


2 


2 
s 


leg | min{L, .L, 

L,, min{L, ,L,, 

L,, |}= min{L, ,L,, 

L,, min{L, ,L 

L,, min{L,,,L 

L, ] PL, AL, ] a 
L,, L, ob, Wai 
L,, L, OL, on 
L,, L, OL,, Dabs 
L,, | =| L,, OL, Lean, 
L,, L, OL, Le ane 
L, L, ob, DE bs 
L,, L, OL, Lak 
L,, L, OL, ies 
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re 


min{a, ,b, 


min{a,,b, } 


min{a3 ,b3 


min{a,4,b, } 


min{as,bs 


min{ag ,b¢ 


min{a7,b, } 


min{ag ,bg 


PS! te) Re ce lee hee ot 


min{ag ,bo 


We make a note of the following. 
This min = ~™ (or max = V) are defined on super column 
vectors of ordinary labels only when they are of same natural 


order and enjoy the same type of partition. 


THEOREM 2.8: Let 


a; 


= ({0=10<L)< In <... < Ln < Ems = 1}} be the collection of 
all super column vectors of ordinary labels which enjoy the 
same form of partition. 


(i) 
(ti) 
(iii) 


{K, U} is a semigroup of finite order which is 
commutative ( semilattice of finite order) 

{K ,-} is a semigroup of finite order which is 
commutative ( semilattice of finite order) 

{K ,U, 7} is a lattice of finite order. 


Now we study super matrices of ordinary labels. 


Consider 


Ly L,, 
Li L,, 
a Um Le 
Ly L,, 


is a Super matrix of ordinary labels. 


Let 


2 L, 
Be, 
Le 


a7 ag 


again a super matrix of ordinary labels with entries from L= {0 
=L)<L,<IWn<...<Ln<blms=!l}. 


Take 


P is again a super matrix of ordinary labels. 


62 


Li om 
L, ay 
=| ° “| and W= 
L,, a6 
Le L,, 


E, hig 
Ls L,, 

‘i fe a and B = 
I ey 


are super matrices of ordinary labels. 
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L, | L,, 
EL, L, 
G=|,— *| andL= 
Teg dog, 
L, | L,, 
are super matrices of ordinary labels. 
Now 
L, | Ly, 
L, | L,, 
a B.D 
Be. |b. 


is again a super matrix of ordinary labels. Thus we have H , M , 
P,R,V,W,T,B,C,D,E,F,G, Land Q; 15 super 
matrices of ordinary labels of natural order 4 x 2. 

Now we can also get 15 super matrix semigroups under ‘UW’ 
and 15 super matrix semigroup under - of finite order. 


Thus by converting an ordinary label matrices into super 
matrices makes one get several matrices out of a single matrix. 


THEOREM 2.9: Let A = fall m Xn super matrices of ordinary 
labels of same type of partition}. A is a semigroup under - (or 
semigroup under VL) of finite order which is commutative. 


Now having seen examples and theorems about super 
matrices of ordinary labels, we in the chapter four proceed on to 
define linear algebra and vector spaces of super matrices. It is 
important to note that in general usual products are not defined 
among super matrices. In chapter three we define products and 
transpose of super label matrices. However even the collection 
of super matrices of same type are not closed in general under 
product. 
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Chapter Three 


OPERATIONS ON SUPERMATRICES OF 
REFINED LABELS 


In this chapter we proceed on to define transpose of a super 
matrix of refined labels (ordinary labels) and define product of 
super matrices of refined labels. 

Let 


be a super column matrix of refined labels with entries from Lr. 
Clearly the transpose of A denoted by 
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APS |L, |S [Eg 3b 


Thus we see the transpose of A is the super row vector (matrix) 
of refined labels. If we replace the refined labels by ordinary 
labels also the results holds good. 

Consider 


PS (be h.. (i 


ay ay a3 


L 


aq 


Gees Te Meee Tes | 


as a6 ay ag ag 


be a super row vector (matrix) of refined labels. 


Now Ls € Lp; 1<1i<9. Now the transpose of P denoted 
by P'is 


Ce stay a 


2 
rey 


co 


2 
£ 


2 
a 


(he ee. eA 


aq 


L,, L,,) = 


Dy Ty, hy Ee 


Bo eS ot 


we see P' is a super column matrix (vector ) of refined labels. 
However if we replace the refined labels by ordinary labels still 
the results hold good. 
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Let 


be a super matrix of refined labels with entries from Lp; ie L, € 


Le; 1125. 


7 


2 


re 


2 


ae 


2 
a 


Cte 


Ge ise ales 


is again a supermatrix of refined labels with entries from Lr; 


2 
is} 


ee late 


2 


ag eae 


a6 ay arg aig Ar9 

91 an 493 ang a5 
Ey diel da de hee 
| mee Prey regan Osea Oras 
L,, L,, L,,, L,., L,., 
|e oem Sree Orns Ee 
L,. a9 ays 4x9 ans 


L,,€ La; 1Si<25. 


Let 
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be a super matrix of refined labels with entries from Lp; L, E 
Lp; 1 $1 < 36. 


Le L,, c.. alg ans Ls, 
L, | La ba, |e, ba, ba, 
el fe aes Ne om 
L L L 
ie is L 


29 435 


a6 aia alg ang 430 36 


is again a supermatrix of refined labels with entries from Lp; 
L, € La; 1 Sis 36. 


Suppose 


cae oe 
Je 


cone a | 


2 
5 


i) 


a ae le ca oe 
Be ee eae et ved 


ee ey te i eee 
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be a super column vector (matrix); with entries from Le (L, € 


Ly; 1 $i $27). 
The transpose of X denoted by 


|e ae 

ay L,. De 

Ey dye Ly, 

Lege Gee. “Res 

X= Le, a le, 

Tg. Lag, gs 

L,,, L,,, L,, 

L,, L,,, L,,, 

| L.., Ey, ag. | 

L, EL, Li, L,,, L,, ore Aig Ag L,,, 
= By L,. ag Le. ee Ie. Ar 493 a6 
De De ag ay ays aig a2) arg an7 


is a super row vector (matrix) of refined labels with entries from 
Lr. 
Let 


be a super row vector (matrix) of refined labels with entries 
from Lp. 
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ie (dee lg, ge . ae. “es. 
rs, Mg Nag, Mg lee WE 
Dpe Toy, ig ss Eg, 
M'= L bL, L, L, bi, bi, 
Eog.8 Wy, Ag Mag, hig. ge 
Vege, Tyg e Tes, Tes: Eee ols, 
Tig: age, og. Ee le, Tey, 


is the transpose of M which is a super column vector (matrix) of 
refined labels with entries from Lp. 

Now we find the transpose of super matrix of refined labels 
which are not super row vectors or super column vectors. 

Let 


L, Ls L,., Ly, ive 
Tog Tipe Wee oll ee 
Pee cdg, Eg |i, 
eae lig Ege |g eo 
L L L L L 


By gy, By,)i|Ey By 
am See CD ORR 
a Or emae Con Co) Sos Oo 
Oe oes Sen Pa Ore 
oe eae we a 


is the transpose of P and is again a super matrix of refined 
labels. 

Now we will show how product is defined in case of super 
matrix of refined labels. We just make a mention that if in the 
super matrix the refined labels are replaced by ordinary labels 
still the concept of transpose of super matrices remain the same 
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however there will be difference in the notion of product which 
will be discussed in the following: 


Suppose A = [ L,, Lg: | Leg. Ley, Lz. | be a super 


ay a3 


matrix (row vector) of refined labels then we find 


A=/L 


which is a super column vector of refined labels. 


We find 
i 
Li 
AM=(L, L[L, Lb, L,] |. 
Li, 
L,, 
Ly 
=[L, od +E. Ig: eg Ws 
" 8 


=|L,,.b, +h, Ly |+[L.d, +b, L444, | 


| 22 sme +Lisemn | 7 [eee aa Oey ey + eee 


L Petite + [ae ere 


= [een + Menges 


L a? +a5+az+aj+a2 fete 7 


Clearly AA‘ € Lp but it is not a super row vector matrix. 
Now we see if we want to multiply a super row vector A with a 
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super column vector B of refined labels then we need the 
following. 


(i) If A is of natural order 1 x n then B must be of 
natural order n x 1. 
(ii) If A is partitioned between the columns a; and 


ais: then B must be partitioned between the 
rows b; and b;,; of B this must be carried out for 
every 1 <i<n. 


We will illustrate this situation by some examples. 


Let A = [L,, Lege || Mig Tg. Teg, | Bs) be a super row 


ay a 


D} 


vector of natural order 1 x 6. Consider B = , a super 


i st 


s 
a 


i 


D6 


column vector of natural order 6 x 1. Clearly A is partitioned 
between the columns 2 and 3 and B is partitioned between the 
rows 2 and 3 and A is partitioned between the columns 5 and 6 
and B is partitioned between the rows 5 and 6. 


Now we find the product 


aod 


oe 
ss 


Ae 
co 
ii 


im 
a 


co 
s 


a 
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n 
1 
b 
Lo 
| 
Saas 

I 
+ 
TI 
cs 
is 
ise 
C4 
t 
s 
+ 
a) 
is, 
x 
‘ 
Pz 
es 


EOS ie ee ee a 
[ 1 1 2 | [ 3 3 4 4 5 i 6 6 


= bene m+1) ab: Lee, se ioe Am+1) + Lin, /(m+1) + L,., /(m+1) ] 
+ ea /(m+1) 


= PS cteasnogaty ll lb taps lade sates acy. Li, ob, m4) 


= Sees ner is in Lp. 


Suppose 
L,, 
L,, 
i, 
if 
A=|L, 
L,, 
im 
L,, 
L,, 
and a 
BS | BB [s,s Te, Big |e Tee =| 


be super column vector and super row vector respectively of 
refined labels. BA is not defined though both A and B are of 
natural order 9 x 1 and 1 x 9 respectively as they have not the 
same type of partitions for we see A is partitioned between row 
three and four but B is partitioned between one and two 
columns and so on. 
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Let us consider 


be super row vector and super column vector respectively of 
refined labels. We see 


= (L,.L, +L,, +L, } (L,.L,, +L,, +L, ) 


= (Ee m+1) 7 Lew oe | oan meer ay Les tea) 
=L 


(a; bj +a by +a3b3+a4by)/m-+l * 


Let us now define product of a super column vector with a 
super row vector of refined labels. 


Let 
re 
L,, 
L,, 
L, 
A= is and B= |B Ly |e by ky, [ibe] 
L,, 
L,, 
be 


74 


be a super column vector and super row vector respectively of 
refined labels. We see the product AB is defined even though 
they are of very different natural order and distinct in partition. 


Consider 
es 
Ly 
Le 
L,, 
AB = e He, Seale og se, | 
ie 
Tis. 
LL, | 
Es Le L, 
L,, (i L..) L,, (he L., Ei.) ag L,, 
ome L,, De. 
cil fs Sard eoeame eee (sO nes Oey Oy Mas Soe 
L,, Ie L,. 
BR By, |e 
L,, (Bs Es) L,, (Ex L., 1) Ly L., 
L,, L,, L,, 
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ay 


ag 


a3 


L,L 
L,L 
LL 


c 


C 


C 


L,L 


ay 


L,L 


cy aoe) 


LL 


a3 Cy 


L,L 


ay 63 


L,L 


Ag’ 3 


LL 


a3° C3 


L,L, L,L 


ay “C4 


L,L, LL 


ay Cy 


eo. 2b 


a3 C4 


ay Cy ay Co ay ~C3 ay Cy ag C5 ag” “C6 

L,. q L,. Cy as C3 as C4 as C5 as C6 

ae alc, a C3 ae Cy a C5 ag C5 

az “Cy Ee Co a7 C3 az Cy a7 Cs a7 “C6 

ago Cy L, Lb, ag Lies ag “C4 ag’ C5 ag “C6 
a,c, /m+l a, Cy /m+1 a,c3/m+1 a,c4/m+l a,cs/m+l a, Cc, /m+1 
a,c,/m+l aC, /m+l a,c3/m+1 a, cy/m+l a,c;/m+1 a c,/m+l 
a3c,;/m+l a3C,/m+1 a3¢3/m+l a3c4/m+l a3c;/m+1 a3C,/m+1 
ayc,/m+l ayc,/m+l a4c3/m+1 a4cy/m+l aycs/m+1 ayc,/m+l 
ay ee Le ane Lee at Des aaa Ee ee Live waa 
Deut Le jae Lana Lh, solatet Lo iene Ls mit 
Li oes oid Leia Lg Sifu Deca Dig yahas 
Dearest Wee Span Le, faust Les gina | Oe ret Lage mat 
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is a super matrix of refined labels. We can multiply any super 

column vector with any other super row vector and the product 

is defined and the resultant is a super matrix of refined labels. 
Let 


2 
a 


be a super column vector of refined labels. 
Cre (Ey. i, hg ee Les Ty, J, A beth 


a; a4 as a6 a7 
transpose of C. Clearly C' is a super row vector of refined 


labels. 
We now find 


COs 
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L,L,, 


A 


& 
— 


£ 


= 


a i co ‘7 iS i 7 Hee 
ie ace ocala aca 


PUSS Pei aa ie 
(Pee ee eae etl es 


A Poa a a ca le 
Bar Ramis eel eal 


ee) ee ee ee 
Ha aa ata oh ell 


£ 
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Poel oc ele te 
Bt ol (cn ey al ee alll 


uo ee 
oe UR Oe 


PAL ele ie 
oer oe rie ole 


ee ee a ee a ae 
Pe a ee 


Loa aa Ly aime Lie L, a,/mH Lgiwa Ls ian L, a,/mtH eee 
sia Line Ds cit Le stant Lissa Leah even Lis ina 
L, a, /mH1 Teg /mH L, a,/mH L, ay/m+1 Lig /mt1 ae /mH L, a,/m+1 Lge /mt1 
Bie Ly ont ee Di aaiess Ly ag font Ly gies Las Ly ci 
7 Tas /mH Le aiint Ly aim Di ri Latina Le setts vere Li pinet 
cea L, 6a) /mH Le in Ly asm L, 6a /mt Ls /mH Ls il Leia 
L, a,/m+1 Le. /mH L, a,/mH L, a,/mH Loa, /mH L, a /mH L, a,/mH La, /mtH 
Lina | Pe Liens I iia 1 snag Visa Ly ini Las 


is a super matrix of refined labels, we see the super matrix is a 
symmetric matrix of refined labels. Thus we get by multiplying 
the column super vector with its transpose the symmetric matrix 
of refined labels. 

We will illustrate by some more examples. 


Let 
L,, 
ion 
L,, 
P= i 
L,. 
L,. 
be a super column vector of ‘refined labels. PE 
he ea | ee Oe Be ea be the transpose of P. 
L,, 
L, 
P.P' = L, Deere Sheu Comme Comme Oe em) 
L,. 
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a4 


[BLEze mea op rem ip ee Uremmned ne Oe Somuny Be) ee (ey Dy 
L,,L,, Leg L,, L,,L,, L,, Pe L,, L,, L,, L,, 
L,L, L,, Ly L,, L,, L,, iv L,L, L, L,, 

7 LL, L,. L,, L,. L, L,, L, L, L,. L, L,. 

Pgh. Sek, sae de. Ae A a Dg 

L,, L, L,, L,, Ly L,, L,, es L,, L,, L,, Le 
[ Lace eee ee Dacian Ds cra L, ag /m+ 
ae L.. /m+1 Las a,/m+ L,, a,/m+l Leg, a;/m+1 L,, ag /m+ 
L,. a,/m+1 | ee een L,, a,/m+l L,. a;/m+l L,, ag /m+ 
= Dia ia fi ee eee aj /m+l1 aza;/m+l Liachiink 
L,. a,/m+1 Deri Lge rie asa,/m+l a2 /m+l L,, ag/m+ 
Gag hae L,, a, /m+l Lis copie aga,/m+l aga;/m+l a2 /m+1 


is a symmetric super matrix of refined labels. 
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Let 


ae ma oe 
rea Coma Oe WE 
lee Ae, || a 


be a super matrix of row vectors 


L 


of refined labels. 


416 


a7 


ays 


be the transpose the super row vectors. ‘A of refined labels. 


To find 


ay a ay 410 
t 
7 Nea 6 Oem 6 eral Oe 
L,. 46 ag 416 
L L 
ay i) 
ge ee, 
= |b bad yp 
L ay a4 
as a6 
410 any L,,, 
a L,,, L,,, L,., 
416 a7 a79 
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[ L, L,. 
L,, L,, 
L, i 
De. te 
Le, eg, 
Oona: BA 


413 416 
aN4 a7 
qs aig 


rd a: By Boe 
L,,L,, +£,,L,, 
L,L, +L, L,, 


LL 


40 40 
LL, +h, L,, +L, 


L,L,, +L,,L,, 
EU 7h, L, 
LL, +L,.b,, 


a,~~az a7~~ag az 
ag ay ag" ag ag 
ag” ay Ag ag ag 


L 


a3 


L,L,, +£,,L,, 
LL, + G,1,, 
LL, +b, .L,, 


+1,,0,, +L, L,, Lh, +L, L,, +L,L,, LL, +L, b,, +L, L,. 
L,, +L,,L,, +L,.L,, L,.L,, +L, L + 


I, L,, 


a4 ay7 


LL, 76,6, +64, 6,4, 76,6, +6,6, 4,4, +6,b, +6,h, 


a? /m4l a3/m+1 a,a;/m+l aya,/m+l a,a;/m+1 aya, /m+l1 
= a3a,/m+l + Ly a, /m+1 L., /m+1 a? /m+1 a3a;/m+1 aya,/m+l 
asa,;/m+l aga,/m+l L,. a; /m+l + L,. a,/m+l Desens az /m+l1 
a3 /m+1 az ag /m+] az ay /m+] 
+ ag a7 /m+1 a2 /m+l agay/m+1 + 
ayga,/m+l ag ag /m+1 aa /m+l 
af)/mH |” —a, /mtl Lae sa Toft FL afm FD ays Taste FL a fmt +L yim 
+ +L | Oe + + 
La ay /mst La, Jayme fjsa)/mH “32 (mH ,/mH ‘5 /mHl Ta ym La apm Ta ay 


Le acieved ag Paneer FL, agit | eee a Ba | FL fonts 


PATER ST OY PEC) 
aj taj+a7+ajy+a;, taj, /m+1 


43 a; +a4 a7 +aga7z +a)38)9 +4) 4a); +52). /m+] 


As a, +aga, +A9a7 +Aj6Aj9 +4,7a,; +A; ga), /mt] 
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+L 
ai/mH | ay /mH a /meHl 


a, a3 +a aytazag +4) 94)3 +a, 1444+) 94)5 /m+1 


a3 +aj +agtay;tary +ais /m+1 


5A; +a6 ay tagag +446 a)3 +4;7a,4 +a, ga,5 /m+] 


Ay As +A Ag +7 aq +Ajyajg +4, 1a)7 +a;2a,g /m+1 
3 A5+a4 a6 tagdg +4) 38)6 +8,4a)7 +a, 5a,g /m+1 


2 
az+az +a3 +ais +ai7 +aig /m+l 


We see AA‘ is a ordinary matrix of refined labels. Clearly AA‘ 
is a Symmetric matrix of refined labels. Thus using a product of 
super row vectors with its transpose we can get a symmetric 
matrix of refined labels. 


Consider 
Ly L,, 
L,, L,, 
L,, De. 
a iy. dy, 
Ly, L,. 
L,, Li, 
a super column vector of refined labels. : 
Clearly 
; eu © eas Ere (2 Demme be by Dae 
Teo they, Wey. | eg, ge |g. 


is the transpose of H which is a super row vector of refined 
labels. 
Now we find 


Ie Dy 
Taye L,, 

sage Eas Du (PEs Taga, Ee Ey | By 
Mei yf) lee es Bat ld eg, ie 
Ti, Ls, 
L,, L,, 
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ay a3 as 


ay a4 a 


ag ay ag 


Lou ye. ou, [IL [EL 


ag a0) ag 410 


a Dee Ores Oe 5 Oy ame Bk Ce as Spe On Oo 


+ 
Lb, +£,,L,,+b,,b,, b,,0,,+0,,b,, +£,,L,, 
EP, Ir ee 
L,, L,, z L,L,, L,, L,, cs L,L,,, 
L,, L,, L,, L,,, 
L, L,, L,L,,, 
Le pms + La /m+1 a Dia La /m4t * Ly .a,/mtt = Ly agit 
Ly. /m+1 * Ly, /m+1 = Ly, /m+1 Lena a; /m+1 a az /m+1 
Lain zs La /m+1 Ly agimt a2 Li vag/met 
La, sms Es Ly ay/mi L., /m+1 aj) /m+1 
a?,/m+1 yay /m+1 
+ 
2a), /m+1 aj) /m+l 
aj ta} +az+a3 +a3 taj, /mtl aay HA3a4 Fase +7 ag +Agaj9 +a) ay /M+1 


2 2 
aya +aga3 tapas +aga7 +aj9Aq+a)a,,/m+tl ab+ay+ag+ag+ajg taj) /m+1 


is a symmetric matrix of refined labels which is not a super 
matrix of refined labels. 


Thus in applications we can multiply two super matrices of 
refined labels and get a symmetric matrix of refined labels, 
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likewise we can multiply super matrices to get back super 
matrices. 
For consider 


L, L,, 
L,, Li. 
eer | | 
L.. ee 
L,,, L,, 


two super matrices of refined labels. Now we find 


L, L, 
L, L,, 
L, LL, L L L 
XY= 5 6 b, bs by 
L,, L,, L,, Ly. L,, 
L,, L,, 
L,, L,,, 
Ly ie L, /L,, on pes L,, | 
Ly ay L,, Lo ~a3 ay ‘bs be 
pe ag. vege | 
= (L,, L,, ) ‘ (L,, L,, ) » ‘ 
ieee eee 
Ly, 1%. le, i. | 
L,, alo a | L,, aio if | 
L,, L,,, : L,, L,,, ‘ . 
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a,b, +a, b, /m+l 


a3b,+a,b,/m+1 


a, bz +a, b; /m+l 


a3 b3+a,b;/m+1 


| LL, +L, bs, | bb:t+L,L, Ly, +L,L,, | 
el re! i OU ore Om gl Ore 
Rt ee Om | Oe eke) i Og eee 
Boh, 14, || byl Ae Pg dy, eG, Le 
Lo byl Ly ei eh, i LT I Tae 
Ly L, dey. | th By dy PL Ly 


a, by +a, by /m+1 


a; b,+a,b,/m+l 


as bj tag by /m+1 
a7 b,+agb, /m+l 


ag by +ayy by /m+1 


a,b) +a). b> /m+1 


as b3 +a¢ bs /m+1 


Fi || WE: et 


a7 b; +ag bs /m+1 


cy 


ag b3 +a; bs /m+l 


a,,b3+a,) bs /m+1 


is a Super matrix of refined labels. 


as by+ag be /m+] 


rape a Le dal 


a7 bytag be /m+l 


ag by +a) by /m+1 


ay, by +aj2 be /m+l | 
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We find 
L, L, 
Yee eT 
L,, be 
ay L,, L,, L,, L,, L,,, 
L,, a4 L,, L,, aio ai2 
L, L,, L,, L,, L,, L,,, 
(L,, L,. ) I, Le (L,, L,, ) ie (L,, L,, ) L,, bes 1. 
L,, L,, L,, L,, L,, L,, L,, L,, L,, L, L,, L,, 
L,, L,, L,, L,, L,, L,, L,, L,, L,, L,, L,, L,., 


LL, +L,L, LL, 46,1, | 6,41, 
LL, +b,.L,, b,L,,+b,.L., | bbb. + b,L,, 
2 L,L, +b,.b,, bb. +b,b., | £.,L., +b,,L,, 
Ply Pigg: Lgl, bg Ly (| by ly phy Ly, 
yh Pht, Lb, ie, $b, b. 
Lyk, thls. gh, eh, || gly gk 
powers a, /m+l Vipaiat, a,/m+l L, a5+bya,/m+l | 
pyres Ly .a,+b, a,/m+l L,, a+b; a, /m+l 
= Loser as tance Ds esieacha re +b¢ a5 /m+l 
L,, a7 +b, ag/m+l Li Gee a Oa ee re 
Ly a+b, ag/m+1 Vics: ea ci Ly a+b, ayy /m+l 
| Loy ar-+b, ag /m+1 Lis aytbe ajo /m+l L,, ay, +b aj. /m+l | 


We see XY = Y' X‘ are super matrix of refined labels. 


Now we proceed onto define another type of product of 
super matrix of refined labels. 


Let 
Be, iG lee th be 
Tes les: SE ioe. SMe, iB 
Dige|aa, dager | Taye clay Boge 
M=|L,, ]L., La, | La, La, La, 
Digs ihe: bg Ee) lee ley, 
1 |e rm tee 0 Seem ae 
Mg Ly eg eee * da ey 


be a super matrix of refined labels. 
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Consider 


88 


89 


I 1 I 
= 


a 


i ni oe FF mi of S = = = 
L 
I 


420 


a 
s 


caer ere gee 


oa 


410 


e 


2 a en er | 
L 


90 


15 L,, ay | i L,. a0 
6 [L,, ‘A6 L, L,. Lar 
N7 L,, L, 
18 ag L, L, 1 L. L,, 
Ce | ed a6 _| L,, Ls, [L.., 
20 _| LL... Ly, 
7 [L,, on) ] [ 7 i ‘a0 
1 [L.. L,, | 
| as a6 | It ‘ayy 


a3“ay L,, L, L,,L 
Tay obese, 1 
asa L,. L,, L,L 
ag 7a, L,. L,. L, L 
aay | Lagbey Ly Le 
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[L,1,. +h, Lb. +h, L,. |b teh. §,1,,7),.6, 
LL, +h, 0, bb, +h,,L,, | bb, tho, LL, +h,b., 
Dbl, hth) i bb. ty hy ib L. 

4) b, Fly ls: bg lth | Bob + Gb. i bb. 
Leb Lhe. ha +b bb +b, 
LL, +b, Lb, +hi,ba, | LaLa, +L.,,b., LL, +L, L,,, 
[Pail +L L,. LL +h, L,, |G, 44,75, 

Tile De Lb | lade sry las 

Le dade Ph) Lal ar 

oe od Oe) Bree Br L,. +L, T,.. | L,, L.. +L, LL, 

LLG. 1b..76,8, )b,6,74,5, 14 

Ly Aa Tab ly: Ta be ea, 

Eder wy. a doe i Te. 

LL. th G,,. iti b, | b.b,76 4, 


LL +LLt+LhL Lb 


‘aon Ayn ‘oy An9 fy 836 ‘an 3 


L,, L,. +L, ‘A39) L, +L, 37 D. L,,, Lo + 


+L, L, +b, Lb 


ay 039 36437 


Lob, thik, 


LL 


ay ay 


LL, +h, th, 


+L, L +h, bh 


ayy 43] 436 438 


LL, +8,,h, +h,b, 


Lb, +h,4, +h,b 


LL, +h, +h,L 


LL, thik, thiba, Libin thebey tLagbar | Lagba, Hike, Libs, 
igh aii le, Toi, AT, ee ae 
LL +h,b,+h,b, bb,t+hb,+hb, |b b, thb, th,b, 
Hab, cs L,, +L,,L,, L.L,. a baie. L1, a Te alg Te 
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Fle he a 
L, L,. +L, +L, L,, 
Lh. +1, I, +h L, 
L,. L,. +L L,, +L L, 
Lh. +h,b, +h Lb, 
LL,+G,h, +4,4, 


Loh. +h, +h Lh, 
L,, L. +h, +L, L,, 
Lh +h, L,, +h Li, 
L,. L,. +L kL, +h, L,, 
Lh. +h, L,, +h bh, 
eee ee 


Fh, Hig, Holy, 
Lu, +L, +h, 
Pea ae ie 
Lb, +h Lh, +L, 
Hetty hg Hehe 
Bie 


rae ree ns 


Ly hg Phe Der ] 
Ly dy tL, be 
Lg, Pils. 
Be age 2 Bere Oe 
Be =) Bae Oa 
a ig 2) Es 


ca L,,, L,, 
+ Ly ba, 
+L 


439 842 


+L 


440 442 


+ L, ba, 


ap /m+l 


‘aa, /m+l 


L,., L,., 2 L,., L,.. 


m 


‘a, a,/m+1 


i 


a5 /m+1 


+ L, Lb, 


i 


a,a;/m+l 


m 


‘aa; /m+l 


L,, L,, +L,, L,. +1, 


oz 


‘a, a,/m+1 


Et 


ay ay/m+l 


ee 


‘a, a; /m+1 


te 


‘aa; /m+1 


mm 


‘a, ag /m+1 


a7 a¢/m+l 


Lh, Habs, Hah 


cS 


‘aya, /m+1 


oe 


aja, /m+l 


‘a; a,/m+1 


‘aga, /m+l1 


‘asa,/m+l1 


‘46a, /m+l1 


‘a3a,/m+l 


‘aya, /m+l 


‘asa, /m+l 


6a2 /m+l 


eS 


ay /m+1 
‘aq a3 /m+] 
‘asa; /m+l 


‘463 /m+] 


m 


‘a3a,/m+l 


om 


ay /m+tl 
asa, /m+l 


agaq/m+l 


e 


‘a3 a5 /m+l 


se 


‘aya; /m+1 


Es 


‘az /m+l 


ey 


‘6 a5 /m+] 


i= 


‘a3 ag /m+1 


i= 


‘aga /m+l 


i= 


‘a5 a¢/m+1 


ea 


‘ag /m+1 


ts 


‘a3a,/mtl 


ie 


‘aya, /m+l 


ES 


a; a7/m+l 


GS 


‘ag a7 /m+1 


cl ee a 


‘a, a,/m+1 


re (ss 


a,a,/m+l 


Ee oe 


‘az a, /m+l 


aaa on en 


aza,/m+l 
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on 


‘az a;/m+l 


ee 


‘a7 ag/m+1 


a;/m+1 | 


az+ars/m+1 


oe 


Ag ag +ay6a,5 /m+l 


Ag Ag +a; 5 ay6 /m+l 


ag +a? /m+1 


Ag ayy tay5ay7 /M+ 


Ag Ayy +ay6 yz /M+ 


ag a), +a,5a;¢/m+l 


Ag ay, +6 apg /m+l 


jy Ag +aj,7 ay5/m+] 


a), ag +a;ga,5/m+l] 


Aj Ag tayq ays /m+] 


413 Ag +9 ays /mt] 


Ga] hes ti | se 
fet tele Nii 


@j4agt+a5,a,5/m+] 


e 


‘Ag yy +ay5 Ay /M+1 


om 


Ag A2 +Ay6 Ayo /M+1 


ey 
om 


‘49 py +8y7 Ayg /M+1 


om 
=, 


yp Fag Ay /M+1 


Da 
ayy tajy/m+1 


13 ayy +A z9 yg /M+1 


19 Aq +a,7 Aye /M+ 


Ay] Ag +ajg aye /M+ 


Ay2 Ag +Ajg Aye /M+ 


413g +Az9 aye /M+ 


yg Ag +) Aye /M+ 


L 


2 
az) ta? /m4l 

yy Ag+ Ayg ayy /M+ 
yp Ajy FAjg ay7/M+ 


ay3 Ayo +29 ay7 /M+ 


cae (Oe a an a 


yg Ay Fy) ay7 /M+ 


Ayo Aj) +)7 Ayg /m+] 


L 


a?,+a?./m+1 
Ay Ay, FAjo Arg /M+1 
13 Aj) +Ao9 ayg /mt] 


Ay4 ay, +85, a;g /m+l 


‘Ag )3+8j5 Ay) /m+] 
‘Ag ay3 +Ay6 Arg /M+1 
€9 Ay3 FAy7 Agy /M+1 
Ay 1 Ay3 +yg Azg /M+1 
‘2 Ay3 +Aj9 Ary /M+1 


ay -+a3,/m+l 


20 


ce 


Ag Ayy Hays Ap, /M+ 


m 


‘Ag Ayg tay Ap) / M+ 


i 


Ayo Ag Fay7 Ag, /M+ 


i 


Qj, AygHayg Ag, /M+ 


yp Ay4+ayo ap, /M+ 


ae oe 


y3 yg FAg9 Ay, /M+ 


yg Ay +Ay) Ag /Mt1 


2 
a5 +a59+a5,/m+1 


3 Ag9 +839 Ag +437 Az6 /M+ 


y4.4y3 tay) Arg /M+1 


eae 
ajytaz,/M 


7 73 +A 79 A39 +236 A37 /M+1 


ab, +a2)+a3, /m+1 


p77 Az4 +A z9 a3) +436 23g /Mt] 


73 Azs +39 a3) +437 agg /M+1 


Ayg Ag) +831 Arg +Aag Ags /M+ 


5 A279 +839 A9 +39 A365 /M+ 


6 Az7 +833 Ay9 tayo Age /M+ 


Ay7 Ag, FA3q Ay9 + Ag Ag6 / M+ 


Apg Ap; +3) gq +agg Ag7 /M+ 


5 A753 +32 Agq +3937 /M+ 


6 Az3 +33 39 FA yo 37 /M+ 


Ag7 Ap3 +34 A539 + Ag Ag7 /M+ 


L 


2 
ad4ta3, tax /m+1 

75 Az4 +439 23) +239 3g /M+] 
Ag Ang FA 33 43) +Agg Ag /M+] 


Ay7 Ap4 +34 a3) Hag) Azg /M+1 


er Se Ee a 


Agg Ag) +835 Ay9 +47 Ag /M+ 


ye et 


Apg Ap; +35 839 Fy) Azz /M+ 
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Ere ae 


Ang Ang +35 a3) Typ zg /m+1 


Ay Ags +7939 +36 agg / M+ 

93 95 +39 39 +437 a39 /M+ 

pq Ags +31 Az9 +A Ayo /M+ 
ajs-+ayy +aq /m+1 

A176 Ags +233 237 + Ayo agg /M+ 


Ay7 Ap5 +3432 +4) 39 /M+ 


Ag, Ags FAgg A33 +436 Ago /M+1 
3 76 +39 a33 +437 agg /m+1 


Apg Ags +3) Ag +A 3g Aggy /M+1 


fe eh Ge aS 


ays Ags +837 233 FA39 Ago /M+1 


Varee pa 
A356 +433 +a49/m+l 


97° Ay6 +34 A33 +4) Ago /M+1 


Ay7 Ag7 Fagg Agy FA 36 Ag) /M+ 
93 A27 +439 M34 +437 Ag) /M+ 
yg Ay7 HAs] gg +A 5g Ag, /M+ 


Ags 7 +39 Aq4 +Az9 aq) /mM+ 


be te «ie Ue tS 


gg Ay7 +33 34 tAgg ag /M+ 


OAD 9 
a37+a34+a4,/m+1 


yg Ags +435 37 Fy) agg /M+ 


py Ang +Ay9 A35 +36 Ag /M+ 


Ay3 Ang +A gq 35 +37 Ago /M+ 


Ap4 Ang +3) A345 +233 Ago /M+ 
Ags Ang FA37 235 +39 Ag, /M+ 


Ayg Ang +33 435 +g Ago /M+ 


bee es ate) JE 


Ag7 Apg +34 A35 +A4) agg /M+ 


abg+az5-+aj)/m+1 


Agg Ags +35 233 +47 Ago /M+1 


Agg Ay7 +35 A354 Fag, ag) /m+] 


2 
ap tay taj +a3 ta39 +a4q /m+t1 Ajay +Agdg +j5A)¢ +Ay7»Ay3 +Ayo A39 FAg6a37 /m+1 


2 
aya +agag +Ajpajs +3877 +A39A9 +A37a;6 / m+] ata) +ai, ta53 +a) +a57 /m+l 


aa) +agAg +ay7a}5 +A p48 +A3)Ay9 +23g436/m+] gay +AyyAg Fa) 7j6 +4273 +3) Az +A3ga37 /M+ 


gay $ay1Ag +aygajs +2757) +3779 +3936 /M+] Agay +A) 1A9 +ajgajg +Ay5@93 +g) Azq +A39237 /M+ 
asa tay rag +aygays +6 A 77 +3379 +4936 /m+] say +a)7a9 +AgAjp +7673 +453 A 39 +A.49a37 /M+ 


Aga) +4 38g Hay aj5 +7777 FAz4Ayo +4) A365 /m+] gay FAj3aq +A z9a16 +77A73 +asq 39 +g) a37 /M+ 


Ger ok ie 
at pe Coe a a 


a7 aj +aj4ag +91A)5 +A rgAy7 +3599 +A47a36 /mM+] 7a +a) gq +71 a46 +ArgA73 +35 Ag +Aqra37 /M+ 
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aya3 +agajy +aj5aj7 +A7A74 +Az983) +436 23g /M+] 

a3 +Agajg +4) 6217 +4 73a74 +3951 +437a3g /M+1 
az +a?) +a, +a3,+a3, tary /m+1 

gaz +a) Ajo FA) gay7 +75Apq +3743) +Az9a3g /M+] 

asag +ay7jq +Ajgaj7 FA 76A7q +3343) +Agodsg /M+1 


Aga; +4) 38j9 FAz9a17 +Ay7Az4 +3423) +44) 43g /m+1 


ajaq tagay +ay5ajg +7775 +ap9 Azy +A 3639 /M+ 
ayaq aga | +aygajg +73a 75 +49 A3y +A57239 /M+ 
gay +aygaj | Hay7ayg +7475 Fag) yy +A zga39 /M+ 
2 2 
ajta;, +a, +a35 +a3) +439 /m+1 
Agag+aypay) +jgajg +A¢a75 +33 3 +Aggagg / M+ 


gag Fj 381) +z ayy +Ay7A95 +Az4 30 +A4)Ago /M+ 


lite se a 


743 +4) 429 +Az)a17 + Arg 74 +2353) +4439 /m+1 


oe 


aj a5 +agajy +4519 +4976 +A79a33 +3649 /M+ 


pds Fg ayy tay gajg +7376 +A39433 +437A49 /M+ 


pag Fj 4j) +z 1A g Hazes +35 Ag7 FA 47a y9 /M+ 


m 


ag +agay3 +a15A29 +297 +Ag9 A34+436a4) /M+1 


ag FAgass +A) G79 +Az3a77 + Ago sq +3744) /M+1 


agas Haj dyy Fay 7Aj9 FA pyar +43) 433 +A3ga qq /M+ 


fet El het 


gas +A) Aj7 +Ajgaj9 +7576 +A37433 +3949 /M+ 
Dok Oe (Des Ot I 
a5 +a}p +Ajg +a56 +233 +a4)/m+l1 


gas +A) 3847 +Az9A 9 +77 A765 +3433 +24) Ago /M+ 


36 +449) 3 +81 7Ay9 FA 74477 +3) Aq +Azga4, /mM+] 


66 +411 A13 +A) 329 +A25a97 +47 A34 +394) /mM+1 


ts te ee) 


Ase +4)2443 +AjgA79 +697 +433 34 tAgga yg /M+1 


Cay a 
ag +a}, +a59 tap, +434 +a4,;/m+l 


75 Aj 4Ayy Fy Ag FAzgA rg +3533 +A 47a qo /M+ 


ayaz Fagay 4 +j 5p) +A77Azg +A 79435 FA 3z6a49 / M+ 


area 


paz + Aga 4 +AjpAz) +7389 +3935 +A37a4 /M+ 


3a7 +4) 9a) 4 +1747) + 74arg +43 )a35 +azga 49 /M+ 


gaz +A) yg Hayy) +Az5Apg +A39435 +A 39a49 /M+ 


AsA7 +aypay4 +4} 971 +Ar¢A zg +3335 +A goa qy / M+ 


faces ee SS 


Aga7 +a43a)4 +7942) +Az7A rg +3435 +4) a49 /M+ 


BOs i 0 8 Da 2 
az tajy taz +459 +435 +a45 /m+] 


7A Fa) 413 +A) Ay9 FAzgAy7 +Ag5 Agy FAypag) /M+1 


We see the product is again super matrix of refined labels 
but is clearly a symmetric super matrix of refined labels of 
natural order 7 x 7. Thus by this technique of product we can 
get symmetric super matrix of refined labels which may have 
applications in real world problems. 
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We see at times the product of two super matrices of refined 
labels may turn out to be just matrices or symmetric super 
matrices of refined labels depending on the matrices producted 
and the products defined [48]. 


Now we proceed onto define the notion of M — matrix of 
labels Z — matrices labels and the corresponding subdirect sums. 


Let A= {(L, ) IL, € Le} be a m X n refined label matrix 


we say A> 0 if each L, = 7 >0. (A> 0 if each L, = 
; m+ : 


Hi ; 20). Thus if A> B we see A— B20. Square matrices 
m+ 


with refined labels which have non positive off — diagonal 
entries are called Z-matrices of refined labels. 


We see -L, = L. = we . 
m+1 
Ly mere hia, 
A= |-L, LL, —-L,, | is a Z-matrix of refined labels 
hes -L,, L, : 
where aj > 0. 


We call a Z-matrix of refined labels A to be a non singular 
M-matrix of refined labels if A’! > 0. 


We have following properties to be true for usual M- 
matrices which is analogously true in case of M-matrices of 
refined labels. 


(i) The diagonal of a non singular M-matrix of refined 
labels is positive. 
(ii) If B is a Z-matrix of refined labels and M is a non 


singular M-matrix and M < B then B is also a non 
singular M-matrix. 
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In particular any matrix obtained from a non singular M- 
matrix of refined labels by setting off-diagonal entries is zero is 
also a non singular M-matrix. 


Thus 
ay L,, ee 
a 
Bcc Tee. eg ae les Se ee 
m+l 
az ag L,, 
a 
Ie. >_> 0 and L, = —~—>0 
> m+ > m+ 
a 
L, 3 = 20, =< eta 0, 
> m+ > m+ ‘m+ 
a 
L, = —*<0, L, = —+<0Oand 
° m+ 7 m+ 
1 = 
* mei 


A is a non singular M-matrix and the diagonal elements are 
positive. 

A matrix M is non singular M-matrix if and only if each 
principal submatrix of M is a non singular M-matrix. 

For instance take 


to be a non singular M-matrix then L, # 0 € Lp and 


int =e. 
* | are non singular L, >0 


ag ag 


a; 


>0. 1si<9and L, € Le. 
m+l 
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Finally a Z-matrix A is non singular M-matrix if and only if 
there exists a positive vector L, > 0 such that AL, > 0. 

Thus all results enjoyed by simple M-matrices can be 
derived analogously for M-matrices of refined labels. 


Now we can realize these structures as super matrices of refined 
labels. 


Suppose 

L, [-L, AL, 

A=/-L, | L,, —-L,, 

= Lye lly. * lee 

and 

L, —-L, |-L, 
B=|-L, L,, L, 
HL, HLy. |) Ley 
L, =L,, be -L,, = -L, 


Two super matrices of refined labels then A ©) B = C is not a 
M-matrix of refined labels. 


Eg, SER Sy 0) 
Cc = Ly, L,, -L,, 
7 shy, Ly, Ly, -L,, 
0 ee oe ioe 


We can find C’. We see C is super matrix of refined labels 
and the sum is not a usual sum of super matrices. 

This method of addition of over lapping super matrices of 
refined labels may find itself useful in applications. All results 
studied can be easily defined for matrices of refined labels with 


simple appropriate operations. 
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We can also define the P-matrix of refined labels as in case 
of P-matrix. 


Further it is left as an exercise for the reader to prove that in 
general k-subdirect sum of two P-matrices of refined labels is 
not a P-matrix of refined labels in general. 

If 


be two P-matrices of refined labels then we have the 2-subdirect 
sum as 


a a,+b; 


One: - i 


be b, 


is not a P-matrix of refined labels as det (C) < 0. 


Thus the concept of M-matrices, Z-matrices and P-matrices 
can also be realized as the super matrices of refined labels. Also 
the k-subdirect sum is also again a super matrix but addition is 
different. For in usual super matrices addition can be carried 
out for which the resultant after addition enjoy the same 
partition. Here we see the k-subdirect sum is defined only in 
those cases of different partition and however the k-subdirect 
sum of super matrices do not enjoy even the same natural order 
as that of the their components. Thus they do not form a group 
or a semigroup under k-subdirect addition. 
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Chapter Four 


SUPER VECTOR SPACES USING REFINED 
LABELS 


In this chapter we for the first time introduce the notion of 
supervector space of refined labels using the super matrices of 
refined labels. By using the notion of supervector space of 
refined labels we obtain many vector spaces as against usual 
matrices of refined labels. We proceed onto illustrate the 
definitions and properties by examples so that the reader gets a 
complete grasp of the subject. 


DEFINITION 4.1 : Let V = 
{(z es Ee he Pelee 


a) 5 


ie 


ee) L,,)| 


Leh, Leian } be the collection of all super row vectors of 


rl r+2 


same type of refined labels. V is an additive abelian group. V is 
a super row vector space of refined labels over R or Lr (as Lr = 
R). 


We will illustrate this situation by some examples. 
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Example 4.1: Let 
seen (ene ome Or een 2 


a a a 


os ye. ELysl<i<6} 
be a super row vector space of refined labels over the field Lr 
(or R). 

Example 4.2: Let 


Wa (By, thes eg) | ts, hy L,, [L,, € Las sis} be a 


a. 


super row vector space of refined labels over the field Lz (or R). 


Example 4.3: Let 
Wes | (by. Aeee: Ty, Ee |L,,)[L,, €Laslsiso} be a 


ay a 


super row vector space of refined labels over the field Lp (or R). 


Example 4.4: Let 


Vea (Ey, a, L,, [L,, € Laslsiso} bea 


L,, | L., | L,, 


super row vector space of refined labels over the field Lx (or R). 


We see for a given row vector 
(L Dy Lg Ly Le be) of refined labels we can get 


ay a, a3 ay 
several super row vector space of refined labels over the field 
Lr or R. Thus this is one of the main advantage of defining 
super row vectors of refined labels over Lp or R. 


Example 4.5: Let 


Ray (Ug Nig Tee Vigil ep, : Geis L,, 


ay a 


L, €Ly;1Si<10 } be a collection of all super row vectors of 


refined labels. X is a group under addition and X is a super row 
vector space of refined labels over Lr (or R). 


Now having seen examples of super row vector spaces of 
refined labels we now proceed onto define substructures in 
them. 
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DEFINITION 4.2 : Let 
v= {(1, Ty a Ny. Bi. DE, Nea ie iP } 


as ag ay 
Le Lylsisn } be a super row vector space of refined labels 


over the field Lr. Suppose W CV; W a proper subset of V; if W 
is a super row vector space of refined labels over Lr. then we 
define W to be super vector subspace of V over the field Lp. 


cis) 


Example 4.6: Let 


PS Oe by a, Ly, | Ls,) 


as 


be a super vector space of V over the field Lr (or R). 
Consider 


s={(L, 0/L, 0 L, 0|L,) 


<7} cP 


is a super row vector subspace of refined labels of P over the 
field Lp (or R). 
Take 


T=4 (051, 


T is a super row vector subspace of refined labels of P. 


Gr ie | O)|L,, € Lastsis3} cP 


Example 4.7: Let 


Es he L,, [L,, € Lys sis} 


ay 


ay 


be a super row vector space of refined labels over Le (or R). 
Consider 


X= {(L, 


X= {(0|L,, 0 ve 


0 0 0) JL. eLe} cx, 


and 


La} SX 
nr] SX 
n} SX 


X= {(0]0 0 L,, 


be four super row vector a of refined labels of X over 
Lr. 


103 


4 
We see X = Ux, and Xi M X; = (01000) ifi4j; 1 sijs4. 
i=l 
However X has more than four super row vector subspaces 
of refined labels. 


For take Y, = {(L L 0 0) 


ag 


L, ¢Lyslsis2} c X is 


a super row vector subspace of refined labels. 


Consider Y2 = {(L,, [0 0 L,,)JL, eLystsis2} xis 


ay 


a super row vector subspace of X of refined labels. 
Take Y; = {(0|L, L,, OL, eLyslsis2} c X is 


again a super row vector subspace of X of refined labels over 
Lr. 


DEFINITION 4.3: Let V be a super row vector space of refined 
labels over the field Lr (or R). Suppose W;, Wo, .... Wm are 
super row vector subspaces of refined labels of V over the field 


Le (or R). If V= (JW, and W; 0 W; = (0) if ig, 1 Si, j Sm 
i=l 

then we say V is a direct union or sum of super row vector 

subspaces of V. 


If Wi, .... Wm are super row vector subspaces of refined 


labels of V over Lr (or R) and V = Lw, but W; 7 W; # (0) if 
i=l 

iy, 1 Si, j Sm then we say V is a pseudo direct sum of super 

vector subspaces of refined labels of V over Lr (or R). 


Example 4.8: Let 
¥ = {(L, L,, | L,, | L,, L L 


as a6 


i IL. eLysl<i<7 


be a super row vector space of refined labels over Lr (or R). 
Consider 


Wi = {(L 


a 


 L, [00 0 O/O}fL, eLastsis2} cv, 
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Wo= {(L, 0 Lig'|Ly 20 0|L, JL, eLatsis4} cv, 

Ws={(L, OJOL, Ly, 0 | OL, eLystsis3} cv, 

Wa= {(L, O/L, ]O Lb, L,, L, IL, eLaslsiss} c 
V and 

ws={(0 L, |L,, [0 0 0|L, [L, eLailsis3} cv 


be super row vector subspaces of refined labels of V over Lp. 


5 
Clearly V = Jw, but W; 0 Wj # (0010100010) if i4j, 1 <i, 
i=l 
js. 
Thus V is only a pseudo direct sum of Wi, i= 1, 2, ..., 5 and 
is not a direct sum. Now we see the supervector space of 
refined labels as in case of other vector spaces can be written 
both as a direct sum as well as pseudo direct sum of super 
vector subspaces of refined labels over Lr (or R). 


Example 4.9: Let V = 
(Ee, By, [Ey 


a3 as 
be a super vector. 
Consider 


Ps ie. 


a6 ay 


L, €Lysl sis} 


L, 0/0 0|0 0 0 0 


Wi={(0 0,0 L, [0 0 0 0 


Ws={(0 0/0 O|L, 0 0 0 


w= | 


pena, 


0 00 Oj0 Z, 0 Oz,ez} cv, 


Wr={(0 0j0 ojo 0 L, O}|L, €L,} c Vand 
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Ws={(0 0/0 0[0 0 0 L,)L,eLa} cvs 


are super row vector subspaces of V over the field Lg. Clearly 


8 
V= Uw, but Wi A Wj = (0010010000) if i4j, 1 <i,j <8. 
i=l 
V is a direct sum of super row vector subspaces Wi, W>, ..., 
Ws of V over Lr. 
Consider 


Wi={(L, L,, |0 0]0 0.0 L,, [L,, €Laslsis3} CV, 


Wr={(L,, O[L,, Ly, |0 0 0 O)|L,, Last sis 3} cV, 
Ws={(0 L, [0 O|L,, L,, 0 O)|L, eLystsis3} cv 
and 


Wi={(L, O[L,, 0|L,, 0 L,, O)|L,, € Last <i <3} cV 
be super row vector subspaces of V over the refined field Lz (or 


4 
R). Clearly V = Lw, is a pseudo direct sum of super row 

i=l 
vector subspaces of V over the field Lp as Wi M Wj # (001001 
0000) ifi4j, 1<si,j<s4. 

Now having seen examples of direct sum and pseudo direct 
sum of super row vector subspaces of V over Lr we now 
proceed onto define linear operators, basis and_ linear 
transformation of super row vector spaces of refined labels over 
Lr. 

It is pertinent to mention here that Lg = R so whether we 
work on R or Lp it is the same. 
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DEFINITION 4.4: Let V= 
{(L, [sbiges cone] Bee NE, € Lyslsisn} be a super row 


vector space of refined labels over the field Lr. We say a subset 
of elements {x}, X2, ..., X,/ in V are linearly dependent if there 
exists scalar labels L,  .... L, in Lr not all of them equal to 


zero such that L, x, +L,,x,+..+L, x =0. A set which is not 


linearly dependent is called linearly independent. 
We say for the super row vector space of refined labels V = 
1 es, Fes ae Tey, Tag ecg: Teg STS 


a subset B of V to be a basis of V if 
(1) Bis a linearly independent subset of V. 
(2) B generates or spans V over Lr. 


We will give examples of them. It is pertinent to mention in 
Lr; Em, is the unit element of the field Lr. 


Example 4.10: Let V = 
tee, Des (a, a eee | ieee bea 


super row vector space of refined labels over the field Lp. 


Consider the set 

B = {(himt, 010100010), 0, Lins 10100010), 001 
Linai1 100010), OO010lLin; 0010), (001010 Lys; 010), (0 
010100 Lass 10), (0010100 0 ILiss)} € V is a super basis of 
over Lr. Clearly V is finite dimensional over Lr. 


Consider P=(L, L,, |0|0 0 0|L,), 
(0 O|L, |0 0 0]0),(0 OJ/O]L, 0 Ojo), 
(0 0,/0/0 L, L,, | 0) c V; P is only a super linearly 


independent subset of V but is not a basis of V. 
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Example 4.11: Let V = ies oe 


a9 


L, €Lyslsis3} 


be a super row vector space of refined labels over Lr. Consider 
B = {(Lma 10 0), (0, | Ling 0), (O10 Linas) } CG V is a super basis 
of V over Lp. 


Clearly dimension of V is three over Lg. Consider M 
={(L, |0 0),(0|L, L,,)} ¢ Vs Mis only a linearly 


independent set of V over Lp and is not a basis of V over Lr. 


a 


TakeK= {(L, 0° L,,),(,, | Ly 0),(0/L,. Ls), 


(L,, |0 0),(0|L,, 0)} CV, Kis a linearly dependent 
subset of V. Consider B = 

{(0|L,, 0).(0]L,, Ly,).(0]0 L,,)} cv. Bis alsoa 
linearly dependent subset of V over Lr. 


Now having seen examples of linearly dependent subset, 
linearly independent subset and not a basis and_ linear 
independent subset of V which is a super basis of V, we now 
proceed onto define the linearly transformation of super row 
vector spaces of refined labels over Lr. 

Let V and W be two super row vector space of refined 
labels over Lg. Let T be a map from V to W we say T: V > W 
is a linear transformation if T (cv + u) = cT (v) + T (u) for all u, 
ve Vandce Lp. 


Example 4.12: Let V = 
{(Ls, L,, L,, | L,, L,, L,, ) 
row vector space of refined labels over Lp. W = 


fied ee Tio Tas “A. le L,, IL, € Las siss} 


L, €L,;1Si <6} be a super 


be a super row vector space of refined labels over Le. Define a 
mapT:V>WbyT(L, JL, Lb, |L, L, L,)= 


(L 


verified to be a linear transformation. 


gO Lg 20) Mie Te. Te Te * O) SP aseasily 
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Let P : V > W bea map such that 
(L L,, L,, | L,, L,, L,, ) = 


oes 


is a linear transformation of super row vector space V into W. 


Le | De Lg + tae 8 0); It is easily verified P 


as a6 


ay 


Example 4.13: Let V = 


{(L,, Tog eile. S08 


a 


a3 ay as ay ag ag 


i. 1, ae L,, 


L, eL,;1sis 10} be a super row vector space of refined 
labels over the field Lp. Let T be a map from V to V defined by 
T (L L,, L,, | L,, L,, | L,, | L,, L L L,,) = 


ay ag ag 


(L, OL, |0 L, |O|L, 0 L, 0); T is a linear 
operator on V. It is clear T is not one to one. Ker T is a non 
zero subspace of V. Consider a map P : V —> V defined by 
| a |e ee | | NO Os Orem | 


ay a3 ay as a az 


ay 


(iy “fies, 26 


a3 ay ay 


ON ea Oe ey eae CN es) rem 


ba) ag 


a linear operator with trivial kernel. 


Now suppose V = 


Heese ele clits ee, L,, IL, € Lal sis} 


5 a6 a 


be a super row vector space of refined labels over the field Lr. 


Consider W = 
{(L, Bi, ee ONO: 0) 


L,, € Lysi=1,2,3,8} CV; 


W is a super row vector subspace of V of refined labels over the 
field Lp. 


Let T: V > Vif T (W) CW, W is invariant under T, we 
can illustrate this situation by some examples. 
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(Tie Ws. AI Tis, hy) 


ay Loy 


(L, L,, Lb, |O]0 0 0 L,.)sis such that T(W)c W. 


ay 


Suppose M = 
{(L,, 0 Ly, ]O[L,, 0 L, OL, eLalsis4l cv; 


then M is a super row vector subspace of V of refined labels 
over Lr. Define n : V > V by 


n((b, bb, |Ly |b, b, L, L,)) = 
(L, O L, |O|L, 0 L,, 0); 1 isa linear 


transformation and M is invariant under n as n (M) CM. 


ay 


As in case of usual vector spaces in case of super row vector 
space of refined labels over the field Lr we can have the 
following theorem. 


THEOREM 4.1: Let V and W be two finite dimensional super 
vector spaces of refined labels over the field Lz such that dim V 
= dim W. [If T is a linear transformation from V into W, the 
following are equivalent. 

(i) T is invertible 

(ii) T is non singular 

(iii) T is onto, that is range of T is W. 


The proof is left as an exercise to the reader. 


Further we can as in case of usual vector space define in 
case of super row vector space of refined labels also the 
following results. 


THEOREM 4.2: If {Q, , ..., @%j} is a basis for V then {Ta, 
TQ, ..., TQ} is a basis for W. (dim V = dim W = n is assumed), 
V a finite dimensional super vector space over Lr and T, is a 
linear transformation from V to W. 


This proof is also direct and hence left as an exercise to the 
reader. 
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THEOREM 4.3: Let V and W be two super row vector spaces of 
same dimension over the real field Lr. There is some basis { Q, 
, ..., G%} for V such that {TQ TQ, .... TQ} is a basis for W. 


The proof of this results is direct. 


THEOREM 4.4: Let T be a linear transformation from V into 
W, Vand W super row vector spaces of refined labels over the 
field Lr then T is non singular if and only if T carries each 
linearly independent subset of V onto a linearly independent 
subset of W. 


We make use of the following theorem to prove the theorem 
4.4. 


THEOREM 4.5: Let V and W be any two super row vector 
spaces of refined labels over the field Lr and let T be a linear 
transformation from V into W. If T is invertible then the inverse 
function T " is a linear transformation from W onto V. 


Also as in case of usual vector space we see in case of super 
row vector space V of refined labels over a field F = Lr if T;, Ts 
and P are linear operators on V and for c € Lr we have 

(i) IP =PI=P 

(ii) P (T, + T,) = PT, + PT, 
(ii) (TT, +T.) P=T\P+T2P 
(iv) c (PT,) = (cP)T; = P (cT)). 


All the results can be proved without any difficulty and 
hence is left as an exercise to the reader. 


Also if V, W and Z are super row vector spaces of refined 
labels over the field Lge and T : V —~ W be a linear 
transformation of V into W and P a linear transformation of W 
into Z, then the composed function PT defined by (PT) (Q) = 
P (T(Q)) is a linear transformation from V into Z. This proof is 
also direct and simple and hence is left as an exercise to the 
reader. 


Now having studied properties about super row vector 
spaces of refined labels we now proceed onto define super 
column vector spaces of refined labels over Lr. 
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DEFINITION 4.5: Let V = 


—||L, €Lpslsis<n> bea 


super column vector space of refined labels over the field Lr (or 
R); clearly V is an abelian group under addition. 


We will illustrate this situation by some examples. 


2 
iy 


i ate 


2 
rey 


2 
£ 


Example 4.14: Let V = L, €L,;1Si<8/7 be group 


2 
a 


2 
a 


Gay den Fee rs 


2 
a 


ag 


under addition. V is a super column vector space of refined 
labels over the field Lp (or R). 


Example 4.15: Let V = 4|L,, ||L, ¢Laslsis5> be super 


column vector space of refined labels over the field Lp. 
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Example 4.16: Let V = 


column vector space of refined labels over the field L 


Example 4.17: Let V = 


ES 


2 
a 


L,, €La31Sis7 


L,, €La31Sis7 


be a super 


R (or R). 


be a super 


column vector space over the field Lr. 


We can define the super column vector subspace of V, V a 
super column vector space over Lr. 
We will only illustrate the situation by some examples. 
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Example 4.18: Let V 


& 


L 
= 4/L 
L 


column vector space over Lr. 


Let Ww, = 


L 


0 
L,, 


ay 


j=) 


column vector subspace of V over Lr. 


L 
W2= 4| L,, 
L 


L,, € LaslSis3 


vector subspace of V over Lr. 
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L, €La;lSis7> bea super 


L, €La;lsis4> ¢ V be a super 


Cc V is a super column 


W3= L, €Lg;l<i<2;- C Vis a super column 


a Sle ° ols ° 


vector subspace of V of refined labels over Lr. 


GS hee ae 


2 
na 


Example 4.19: Let V = a, | |L,, € Lys1Sis9> bea super 


2 
a 


column vector space of refined labels over Lr. 
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|| enet 22,6 


Take W,; = L, eLa;lsis4 Cc V; is a super 


ie Se 


2 
rey 


column vector subspace of refined labels over Lr. 


W2 = L, €La;lsis3/c V is a super column 


vector subspace of refined labels over Lr. 
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2 2 2 p 
£ rey ey a 


Crate A ce eet 


[ 
a 


Example 4.20: Let V = L, €Lg;1sisl0/ be a 


10 


super column vector space of refined labels over Lr. 


Consider W,; = : Tig e€L,;lsis5;c V, is a super 


column vector subspace of refined labels over Lr. 
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SZ (an) 


i 


2 
v 


Jor 


Take W, = L, €L,;1Sis7;C V is a super 


i 


2 
£ 


eerce 


2 
a 


0 


column vector subspace of refined labels over Lr. 


Ge at ate 


Example 4.21: Let V = L, €Lg;l1sisl2/7 bea 


ae Ce 


P 


super column vector space of refined labels over the field Lp. 
Consider the following super column vector subspaces of 
refined labels over Le of V. 
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2 


4 


2 
Nv 


i= 


& 


[ore so 


W, = Leiei<i<7 


2 ry 2 
a a 5 


bey tise ee ate 


i) 
a 


o 


0 


vector subspace of V over Lr. 


W2 = ‘HL, eLyslsis4 


vector subspace of V over Lr. 
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c V is a super column 


c V is a super column 


W3 = L, ¢ Le rc V is a super column vector 


3 
subspace of refined labels of V over Lp. We see V = Uw, and 


i=l 


W,AW;=|-| ifi#j, 1 Si,j <3. 


ooroocoedocneord9mcoaoc9}j$oouloeo 


120 


rk e 
Le 
L, 
Example 4.22: Let V = L. L, €Ly;lSi<6; be a super 
L,, 
L,, 
column vector space of refined labels on Le. Take W; = 
Pa rh 7 
L, 0 
L, 0 
. L, e¢Lyslsis2? CV, Wo = 7 L,el,ycV 
0 0 
0 0 
cea 
0 
0 
and W3 = ie L, €L,;1Si<3;cC V be three super column 
L,, 
Li 


vector subspace of refined labels of V over Lr. 


i=l 


0 
: 0 

We see V = (JW, and W; 7 W; = 5 | fies I sijs3. 
0 


j=) 


Thus V is a direct union of super vector column subspaces 
of V over Lp. 
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2 
£ 


Example 4.23: Let V = L, € Lg;1Si<8>be a super 


2 
a 


column vector space of refined labels over Lr (or R). Consider 


L, 
om 
Tig 
0 
W,= 0 L, €L,;:1sis4; CV, bea super column vector 
0 
Fy 
0 
subspace of refined labels of V over Lr, 
Pe 
L,, 
0 
W2= L. L, €L,;1sis<4; Cc V be a super column 
L, 
0 
0 


vector subspace of refined labels of V over Lr. 
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W3 = L, €Lag;lsis4- c V be a super column 


vector subspace of refined labels of V over Lr. 


Wi, = L, €Lg;1Sis6-cC V be a super column 


vector subspace of refined labels over Lr of V. 


4 
Clearly V = (JW, and W; 9 W; # 


i=l 


si¥j1sis4 


Colo oolo colo 


j=) 


Thus V is a pseudo direct sum of super column vector 
subspaces of V over Lr. 


123 


It is pertinent to mention that we do not have super column 
linear algebras of V of refined labels over Lr. However we can 
also have subfield super column vector subspace of refined 
labels over Lp. 


We will illustrate this by some examples. Just we know La 
is a field of refined labels and Lg C Lr. Thus we can have 
subfield super column vector subspaces as well as subfield 
super row vector subspaces of refined labels over the subfield 
Lg of Lp (or Q of R). 


Example 4.24: Let V = L, €Lg;1Si<8/ be a super 


i) 
a 


Ga 


2 
a 


column vector space of refined labels over the field Lp (or R). 


Take M = L, €La;lsis3rc V be a super 


column vector space of refined labels over the refined labels 
field Lg. (Le € Lr). M is thus the subfield super column vector 
subspace of refined labels over the subfield Lg of Lr. 
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Example 4.25: Let M= 
fe Beals, Wee i es, a a 1, 


a3 ay as a ay ag ag 
L, €La:lSis 10} be a super row vector space of refined labels 


over Lp. 


Take P = 
{(L, L,, 


Lye Lg:1<is<10} Cc M; P is a super row vector space of 


Egil 1, a 


a5 46 


i. 1, L,,.)| 


az ag ag 


refined labels over La; thus P is a subfield super row vector 
subspace of V of refined labels over the subfield Lg of Lr. We 
have several such subfield vector subspaces of V. 


2 
o 


Example 4.26: Let V = L, €Lg;1<is8> be a super 


2 
a 


column vector space of refined labels over the field Lg. Clearly 
V has no subfield super column vector subspaces of refined 
labels of V over the subfield over Lag as Lg has no subfields. In 
this case we call such spaces as pseudo simple super column 
vector subspaces of refined labels of V over La. However V 
has several super column vector subspaces of refined labels of 
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V over Lg. For instance take K = L, eL,;lsis4 


In 


V, K is a super column vector subspace of V over the field Lr of 
refined labels. 


Example 4.27: Let V = 
{(Ls, Oe rene Ons 6 


a4 as a ay ag ag 


Ly eLysl<is<io} be a super row vector space of refined 


labels over the field Lo. 


Clearly Lg has no proper subfields other than itself as Lg = 
Q. Hence V cannot have subspaces which are subfield super 
row vector subspace of refined labels over a subfield of Lg so V 
is a pseudo simple super row vector space of refined labels over 
Lo. 
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2 
a 


Example 4.28: Let V = L, €L,;1S1<10> be a super 


2 
a 


fey JE 


2 


7 


fe 


& 


i 
cm 


10 


column vector space of refined labels over Lg. V is a pseudo 
simple super column vector space of refined labels. However V 
has several super column vector subspaces of refined labels over 
Lg of V. 


For instance T = L, €L,;1sis4; C Vis a super 


column vector subspace of V of refined labels over Lo. 


Now we can as in case of other vector spaces define basis 
linearly independent element linearly dependent element linear 
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operator and linear transformation. This task is left as an 
exercise to the reader. However all these situations will be 
described by appropriate examples. 


Example 4.29: Let V = 


L, €La;lSis<6> bea super 


column vector space of refined labels over the refined field Lr. 


Consider the set B = 


[Lill 0 |f 0 J{ 0 ]f 0 | 

On | eee |i 0 0 

0 0 |IL,.,}| 0 0 snk 
, , ; ; CV. Itis easily 

0 0 OTe i] 

0 0 0 Ole 

fe Oe Oh Ole Ty | oO.) 


verified B is a linearly independent subset of V but is not a basis 
of V. We see B cannot generate V. 


sea | L, Y [ oO | a 
0 0 L, 0 
0 0 0 0 0 
Now consider C = : ; , , c 
0 0 0 0 L, 
0 0 0 0 0 
Lo OO, a fs al: “0 


V; It is easily verifield the subset C of V cannot generate V so is 
not a basis further C is not a linearly independent subset of V as 
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we see and are linearly dependent on each other. 


These are more than one pair of elements which are linearly 
dependent. 


Now consider H = 


Bes tio OS Tori Os Te 
o ||L.,|}0 |]-0 || 0 || 0 
2 |). 20- | tease oid ceo ih o6 . 
Te 819] ae |S 9| 5 ——) [il ae a 8 ee c Vis a basis 
OF 0. 1 Oe fides Fl cor Ilo 
o || o |} o |] o |iL. |} 0 
Lee Pe Oe Gs Iie Oe. | hee 


of V and the space is of finite dimension and dimension of V 
over Lp is six. 


Now if we shift the field Lp from Lg we see the dimension 
of V over Lg is infinite. 


Thus as in case of usual vector spaces of dimension of a 
super column vector space of refined labels depends on the field 
over which they are defined. 


This above example shows if V is defined over Le it is of 
dimension six but if V is defined over La the dimension of V 
over Lg is infinite. 


Example 4.30: Let V = 
{(L., L,, | L,, L L 


ay as 


ee i L,,.)| 


az ag ag 


46 


L, eL,s1<isio} be a super row vector space of refined 


labels over the refined field Lg. Clearly V is of infinite 
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dimension over Lg. Further V has a linearly independent as 
well as linearly dependent subset over Log. 


Consider B= {(L, 0]0 0 0{0|0 0 0 0), 
(0 O|L, 0 0|0]|0 0 0 0), 
J. 


0J0 0 OJO|L, 0 L, 0) 


0|0 0 OjL,, 


o 


(0 
( 
(0 


0/0 0 Ojojo L, 0 L,) 


Cc V, B is a linearly independent subset of V over Lg. 


TakeP={(L, L,,|0 0 0|0|0 0 0 0), 


ay 


0 O|L, L, O|0]0 0 0 0), 


) 


00 L, 


Li 0|L,, 0 0|L,, 


( 
(0 L,, 
(L, ), 
( 


0 0|0 0 0j0|0 0 O L,) 
(O-O|\Ly 1, Lb 


ay a3 


0/0 0 0 oj}ce V, P is a 


linearly dependent subset of V over Lg. We have seen though 
V is of infinite dimension over Lg still V can have both linearly 
dependent subset as well as linearly independent subset. 


Example 4.31: Let V = 
Eom Eee 


vector space of refined labels over the field Lg. Clearly V is 
finite dimensional and dimension of V over Lg is given by B = 


{Gas |0|0|0|0),(O| Li. |0|0|0),(0|0|Li4 | 0 | 0), 
(0|0|0|L,,, | 0),(0|0]0|0|L,,,)} c V. which is the 
basis of V over Lo. 


Ly) IL, € Loslsiss} be a super row 


m+1 
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Consider M = 
{(L,, | 9] |0]0).(Laa 1010] 0] 0),(0|L,, |L,, |] 0), 


(0 [ee | L 


na [9 [0),(0|0]0]L,, |0),.(0}0 Jo] L, | 0) 
L, L, eL,;lsis 2} Cc Vis a subset of V but is clearly not a 
linearly independent set only a linearly dependent subset of V. 
Now we will give a linearly independent subset of V which 
is not a basis of V. 
Consider T = 
{(E., [0] 0] 0] 0).(0 [0 | Lunas 10] 0),(0 [0] 0| Las | Lon} 


in V; clearly T is not a basis but T is a linearly independent 
subset of V over Lo. 


Now having seen the concept of basis, linearly independent 
subset and linearly dependent subset we now proceed onto 
define the notion of linear transformation and linear operator in 
case of the refined space of labels over Lr (or Lg). 


DEFINITION 4.6: Let V and W be two super row vector spaces 
of refined labels defined over the refined field Lr (or Lo). Let T 
be a map from V into W. If T (ca+ B) =cT (a) +T(P) forallc 
€ Lr (or Lo) and @ B € V then we define T to be a linear 
transformation from V into W. 


Note if W = V then we define the linear transformation to 
be a linear operator on V. 


We will illustrate these situations by some examples. 


Example 4.32: Let V = 


Hg? Ae, ee [tf L,,) |L,, € Lal sis 6} and W 


a. 


L, 


={(L,, ie, ie ie Sei 


ay as a 


i. 3k L,,.)| 


ag ag 


L, €La;1 <i <0} be two super row vector spaces of refined 


labels over Lp. 
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Define T : V > W be such that 
TS (Tig, Wee, Tie cil i Tees “Alby! 
(Eg ie, Oih0 20 Ly ety 10h i, )eitiseaaily 


verified T is a linear transformation of super row vector space of 
refined labels over Lp. 


It is still interesting to find the notions of invertible linear 
transformation and find the algebraic structure enjoyed by the 
collection of all linear transformations from V to W. 


rL, x 
len 
Example 4.33: If V= 7 —||L, € La3lsis6>- and 
L,. 
Ly. 
a L, a 
Les 
L, 
Le 
L,. 
W = L L, €L,;1Sisl0;be two super column 
em 
L,, 
L,, 


vector spaces of refined labels over Lr. 
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We can define the map T : V > W by 


Lt 


ye (hge Tee i |e. ee 10. 0 coo), 


It is easily verified T is a linear transformation of V into W. 
Infact we see kernel T is just the zero super vector subspace of 
V. 


2 
s 


L 
Example 4.34: Let V= 4) L., ||L, eLy;1<i<9} bea super 
L 


2 
a 


column vector space of refined labels over Lr. 
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Lo) fk. 
L,, 0 
i. 0 
Eel) ‘ie 
Define T: V > V by T =( im )= i : 
i 0 
L,, 0 


it is easily verified that T is a linear operator on V and kerT is a 
non trivial super vector column subspace of V. Clearly T is not 
one to one. 


Interested reader can define one to one maps and study the 
algebraic structure enjoyed by Hom,, (V,V) = {set of all linear 


operators of V to V}. Further it is informed that the reader can 
derive all the results and theorems proved in the case of super 
row vector spaces with appropriate modifications in case of 
super column vector spaces. This task is a matter of routine and 
hence is left for the reader as an exercise. 


Now we proceed onto define the notion of super vector 


spaces of m X n super matrices of refined labels over the field 
Lr. 


DEFINITION 4.7: Let V = {All m xn _ super matrices of refined 
labels with the same type of partition with entries from Lr}; V is 
clearly an abelian group under addition. V is a super vector 
space of m Xn matrices of refined labels over the field Lr (or R 
or Lg or Q). 


We will illustrate this situation by some simple examples. 
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Example 4.35: Let V = 


L, €La;1Sis<12/ be the super matrix 


vector space of refined labels over Lr. 


a 
Ls. Ly, 
L,. Tae 
L,, L,, 
Example 4.36: LetM= 3] b., Ly, | |L,, € Lys1Si<18> bea 
iy ae, 
oe oe 
Ey! Ey. 
Oe 


super matrix vector space of refined labels over Le. M is also 
known as the super column vector vector space of refined labels 
over Lr. These super matrices in M are also known as the super 
column vectors (refer chapter I of this book). 


Example 4.37: Let T = 


Digs Tage! [Eig Ee Wg, Teg ge ese I8 Bela 


super matrix of vector space of refined labels over the refined 
field Lp. We can also call T to be a super row vector — vector 
space of refined labels over Lp. 
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Example 4.38: Let K = 


L, € Lg;1$i<16/ be the super 


matrix of vector space of refined labels over Lr. 


Now it is pertinent to mention here that we cannot construct 
super linear algebra of refined labels even if the natural order of 
the super matrix is a square matrix. Thus we find it difficult to 
obtain linear algebras expect those using Lr or Lg over Le or La 
respectively. 


Thus we see if V = Lr = iL, IL. € Lit then V is a vector 


space as well as linear algebra over Lr or Lg however it is not a 
super linear algebra of refined labels over Lr or Lo. 


Likewise Lg = {L 


L,¢€ Let is only a linear algebra over 


aj 


Lg, however it is not super linear algebra over Lo. 


Now we can define the notion of super vector subspaces, 
basis, linear operator and linear transformation as in case of 
super row vector spaces or super column vector spaces. This 
task is left as an exercise to the reader. We only give examples 
of all these concepts so that the reader has no difficulty in 
following them. 
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SiS 


Gee ie ot 


2 
Roy 


Example 4.39: Let V = L, € Lp;lSisl6; bea 


2 


2 

a 
2 

5 


sd ae ced lca 


2 

a 
2 

a 


ood ene 


super matrix of vector space of refined labels over Le. (super 
column vector, vector space of refined labels). 


ae L,. = 
0 0 
es be 
0 0 

Consider M = ie a L, € Lg;1Sis8;c¢ V, is the 
O° 20 
L, L, 
0 0 


super column vector subspace of V over Lr. 
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0 O 
I ay 
Take P = L. L L, €La;lSis6/c V is a super 
0 O 
0 O 
0 O 


column vector, vector subspace of V over Lp of V. 


Example 4.40: Let K = 


Le. a Te es ee 
L, L, L, Es L, L, 

eM ee acres ll ng se asl ere OA ibe 
Ha. He Adler ile oes, ole 


L L L L L 


alg 429 a2) a22 423 an4 


a super row vector, vector space of refined labels over Lr. 


Consider M = 
0 0 L, 0 L,. L,, 
0 O;L, |O L, L, 
" . - L, eLg;lSisl2; CK,isa 
0 0 Lb. 0 [es Ly. : 


00) LO Ly, a 


super row vector, vector subspace of K over Lr. 


We can have many such super row vector, vector subspaces 
of K over R. 
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Example 4.41: Let V = L, €Lg;1<is6; be a 


super matrix vector space of refined labels over the field Lr 
(or R). 


Example 4.42: Let P = 


Fee Weg, |) Dee 
ay as bs 
EN L, L, 
- - ~|)L, €Ly3l<i<18> be a super matrix 
L,,, L,,, L,,, 
L,,, L,,, L,,, 
L,,, L,,, L,., 
vector space of refined labels over the field Lr. Take M = 
0 0 j|L, 
0 60 {L,, 
L, L, | 0 
: “j__ ||L, €L,;1<is<8; c P is a super matrix 
0 60 | L,. 
Pgs. Lege. | 0 
0 0 |;L, 


Example 4.43: LetV=4/L, L, |b, | JL, €bpslsis9 


be a super matrix vector space of refined labels over Lr. 
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Take M = 0 0 ;L I. eblsis4 c V, bea 


super matrix vector subspace of refined labels over Lr of V. 


Now as in case of super row vector space of refined labels 
we can in the case of general super m X n matrix of refined label 
of vector space define the notion of direct sum of vector 
subspaces and pseudo direct sum of super vector subspaces. 
This task is simple and hence is left as an exercise to the reader. 


However we illustrate this situation by some examples. 


Example 4.44: Let V = 


L, €L,;1SiS12; bea super matrix 


< 
& 
io) 
5 
Nn 
ao} 
fale) 
io) 
oO 
oe) 
Q 
= 
ie} 
= 
fo} 
Qa 
— 
alo) 
ion” 
oO 
O, 
Nn 
fo) 
< 
fo 
> 
oO 
ch 
io 
Qa 
tc 
z 
o 
fo) 
5 
2, 
Qa 
@ 
I 


0 L,, 0 
0 0 

W2= a L, €L,;1sis3/cV, 
L 
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W3= Jae cV, 
@) i 
0 0) 
0|L, 0 
W,= 6 L,, €LyslSis2? ¢ Vand 
0 0 
Ws = L, €La;lsis2 c V, be super matrix 


i) 
vector subspaces of V over Lr. We see clearly V = Lw, and 


i=l 


0 
0 

Wi 7 Wj = 0 ifi#j, 1<i,j <5. Thus V is the direct 
0 


Co oloo 
Co oloo 


sum of super matrix vector subspaces of V over Lr. 
Example 4.45: Let V = 


Bigs || Digit Lage AG, | Big, Mg eg, || eg S21 
Ie eel Te I. Se 


415 416 aq7 aig Ayo 429 491 


be a super row vector, vector space of refined labels over Lr. 
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Consider 


Ler 50 
Ww, = L,, 0 
L,, | 0 
L, 
W> = oe 
Le 
W3 = 
Ws4= 
Ws = 
0 | 0 
We = 0 0) 
0 | 0 


L, €La;lsis3¢ CV, 
L, eLg;1sis3 cV, 
L,, Ly, | 0 0 0 
0) 010 0 0 L, eLg;lsis4 cV, 
L L |0 0 0 


0 O|L, 0 0 
Le. Ee) |Le> OO ||L, eb sis5, ev, 
Oe 80): |= O70 


L,, Oj|L, ¢Laslsis3- ¢ V and 


00/0 0 L, 
0 0/0 0 L,, |/L, €Lpyslsis3>c V be 
0 0/0 0 L,. 


super row vector, vector subspaces of V over the field Lr. 
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6 


Clearly V = |W, and W, 7 Wj = 
i=l 


0;0;0 0;0 0 0 
0|;0;0 0/0 O O|; ifi#j. Thus we see V is a direct 
0;0};0 0,0 0 0 

sum of super row vector subspace of V over LR. 


Example 4.46: Let V = 


L, |L,, La, | Li, 
as L,. I. L,. 
-1<i< 
on Ly, | La, L,eLg;lsisl6- be a_ super 
L,,, | L,, L,., L,,, 
matrix vector space of refined labels over Lr. 
Ie, | 0.0/0 
Consider W, = L, eL,;lsis3; CV, 
0 | 0 O; 0 
0 | 0 O; 0 
a ‘l<i< 
W> ules, 20/80 L, eLgslsis4-cV, 
E, a 10") Eee 
0);0 0 JL, 
0);0 O |L, 
= ‘1<i< : 
W3 olo o|L ED elgisis4 sey; 
0/0 
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0 
0 

Wi= 0 L, €Lg;1sis3 c V and 
0 | 
0/0 L, |0 
0/0 L,, 0 

= ‘l<i< 

W; olo 0 lo Peel g@lsissyo Vv 

0/0 0 


oo oO 
oo Oo 


5 
Clearly V = JW, and W; 9 W; = 


i 
i=l 


0 
0 
0 
0 


ojo oOo Oo 


1 <i,j <5. Thus V is the direct sum of super vector subspaces 
of V over Lp. 


Now having seen the concept of direct sum we now proceed 
onto give examples of pseudo direct sum of subspaces. 


Example 4.47: Let V = 
L, | L be A L 


ay ay a3 a4 as 


L L L L, L L, € Ly;1 Si $15; be a super 


L L L L L 


any ay a3 a4 415 


row vector, vector space of refined labels over Lr. 
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Consider 


Ww, = L,, 
i. 
W> = 
Ly 
W;3 = 
0 
Wa=)| L,, 
0 
0 
W; = 0 
Le 


0 O O 

0 0 O /IL, €Lgslsis5; CV, 

Eh, Wed 

0 O O 

L, 0 0O j\L, eLg;lsis4? CV, 

0 0 L,, 

0 0 0 

0 0 OjjL, eL,slsis4- CV, 

0 0 0 

L,, L,, L,, 
0 ||L, ¢Laslsis6;- CV and 
L,. 

Ly °0 0 

L, L,, L,, |b, ebeslsis9- CV are 

L,, L,, L,, 


super row vector subspaces of V over Lr. 


5 
We see clearly V = Lw, and W; % Wj # 


i=l 


0;0/0 0 0 
0/0/0 0 OJifi#j,1<ij<s. 
0;/o|0 0 0 


Thus V is not the direct sum of super row vector subspaces 
of V but only a pseudo direct sum of super row vector 


subspaces of V over Lr. 
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Example 4.49: Let V = 


Pe 
Eales 


PS 
B 


PS 


2 
Nv 
8 
2 
Nn 
8 


Be eet 
Be Se tat 


2 
ny 
a 
2 
Sy 
& 


ieee Se 


2 
a 


2 
8 


2 
usd 


ae saan cal lol eto 


2 
8 
8 


Leb <i 237 


be a super column vector, vector space of refined labels over Lr. 


Consider W, = 


L,, L,. 
0 0 
[. L,, 
L, €L,:1sis9 
ag Li. | 
0 
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cV, 


cV, 


L, €L,31s1389 


L, eL,;1sis8 


0 


0 


Co}]}o Oo & 


Co}]|o Oo & 


W2= 


W3= 
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L, 0 0 
oO 0 L, 
0 O O 
Or Qe - Tee 
Wa= 4{ Lb. La, La, L, eLg;lsis7/ Cc V and 
Oo 3: -@. 
0 O O 
0 O O 
OP 0% Tus, 
L, 0 0 
0 0 Ll, 
L, 0 0 
oO L, O 
Ws = 0 0 L,, L eL,sisisil Cc V are super 
OF I. 0 
L, 0 0 
L,, Ly aso 
L, 0 0 


column vector, vector subspaces of V over Lr. 
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5 
Clearly V = JW, and Win W;# 


i 
i=l 


ifi#j,1 Si, 


fe5: 


Thus V is only a pseudo direct sum of super column vector, 
vector subspaces of V over Lr. 


Example 4.49: Let V = 


Pelee VE ded 
Bete lag age | 
tess, ee, AeA eae |e wee ee 
Heh Ong, Slade pln 
EN oS eae ne 


L, eLaslsis4}cy, 
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EN, 


L, eLys1<is6}cV, 


<i<7 


L, €Ly31 


0 


L, €L,;1si1s10;C V, and 


L, eLgilsis9} cv, 


150 


L, | 0 0 0 
0 L, | 0 
0 Lo, 0) 
We= om 0 fi. 0 L, eL,;1sis9 Cc V, be super 
0 0 L, | L,, 
L,. L,. 0) 0 


6 
vector subspace of V over Lr. V = Uw, and W; 1 Wj # 


i=l 


ifi#j,1<ij<6 


0 0]0 
0 0f0 
0 010 
0 0f0 
0 0f0 
0 0/0 


Thus V is a pseudo direct sum of super matrix vector 
subspaces of V over Lr. 


Now we can as in case of vector spaces define linear 
transformation, linear operator and projection. This task is left 
as an exercise to the reader. Also all super matrix vector spaces 
of refined labels over Lr. 


Example 4.50: Let V and W be two super matrix vector spaces 
of refined labels over Lr, where V = 


Ui” bacilli Ox 
L, L, Le L, 

: ‘ : * 1IL, € L,31<i<16> be a super matrix 
L,, 410 L,, L,,, 


L L L L 


43 a4 15 416 


vector space of refined labels over Lr. 
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Consider W = 


L, Dis L,, en L,. 
Ig ep Iso, SU Ae, I Ege Bisnis 
L,, L,, L,., L,., L,., 


be a super matrix vector space of refined labels of Lr. 


Define T : V > W by 
L, L | L | be. 


ay ay a3 L L - : : 
L, L, OF L, z 2 33 a4 as 
T 5 6 7 8 ala L 7 7 
L, iy L, L, a6 ay ag ag ang 
Bee eee lace iil Melis igs lie Eee 
L,, Le Tie. oe i 12 1B 14 2 


Clearly T is a linear transformation of super matrix vector 
space of refined labels over Lp. 


Example 4.51: Let V = 


L,. L,, L,, 
L,, L,, Ley, 
Be Ly |b, L, €Lg;1sisl5;be a super matrix 
Li ve L,, 
Ty Tey >| Ey 


vector space of refined labels over Le. 


Consider T : V + V a map defined by 


fe SEs ie 0 
eee en ON 0 |L,, 
T/L, 4, |b | = L,, |b, 
eae Cee Oe Smee a 
Be |e, GBs i, 
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Clearly T is a linear operator on V. 


Ee. el 
ay i L,. 

Now consider W = 4{L,, L,, | L,, ||/L, eL,;1<is9 
0 0] 0 
0 0fo 


c V, W is a super matrix vector subspace of V of refined labels 
over Lp. 


L, L, | L,, LL, | La, 
De L,. Fe. a4 as Ey 
P iil, La | by |} = fle, La, |b, 
ae EN Se 0 | 0 
jee oan oe 0 0] 0 


It is easily verified that P is a projection of V to W and P 
(W) CW; with P? = P on V. 


We can as in case of super row vector space derive all the 
related theorems given in this chapter with appropriate 
modifications and this work can be carried out by the reader. 


However we repeatedly make a mention that super matrix 
linear algebra of refined labels cannot be constructed as it is not 
possible to get any collection of multiplicative wise compatible 
super matrices of labels. 


Now we proceed onto define the notion of linear functional 
of refined labels Lr. 


Here once again we call that the refined labels Le is 
isomorphic with R. So we can take the refined labels itself as a 
field or R as a field. 
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Let V be a super matrix vector space of refined labels over 
Lr. Define a linear transformation from V into the field of 
refined labels called the linear functional of refined labels on V. 


If f: V > Le then 
f (L.a+ B)=L. f (a) + f (B) where a, B € V andL, € Lp. 


We will first illustrate this concept by some examples. 


Example 4.52: Let V = L, €L,;1Si<8/ be a super 


column vector space of refined labels over the field of refined 
labels Lp. 


17 
Li, 
L,. 
[oe 
i ee aca 
Le 
L,, 
De 
os Lita+.te, © Le. 


T is a linear functional on V. 
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Infact the concept of linear functional can lead to several 
interesting applications. 


Et ale ts 


& 


Example 4.53: Let V = 4|L,, ||L, e@Ly;1Sis7/ be a super 


column vector space of refined labels over Le. 


Define f : V > Lp by 


L,, 
L, 
L,, 
f ( ies, y= L, +L,, +L,, 
L,. 
L,. 
L,, 
i Be € Lp. fis a linear functional on V. 


aj+a.+a3 


Consider f; : V — Lr by 
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f,(L, |) = L,, ; f; is also a linear functional on V. We 


can define several linear functional on V. 


L,. 
L,, 
L,, 
Consider f, (| L,, |) = L, +L,, +L,. 
L,. 
Li. 
L,, 
= IL e Lr; 


f. is a linear functional on V. We see all the three linear 
functionals f;, f. and f are distinct. 
Example 4.54: Let V = 
jes L,, L,, | L,, L 


be a super row vector space of refined labels over Lr. 
Define f : V > Lp by 
[CON eae Ol naan 
=L, +L, +L,,+L,, 


a oh oe L,,) |L,, Lait sis} 


as 


L,, |Ls, Ls) 


as 


; fis a linear functional on V. 


a;ta,+a4+a7 


We can define several linear functional on V. 
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Example 4.55: Let V = 


L, L,, L,, 
L,. as a6 
L, Ly L,, 
L,, Lb, La, 
L,, ba, L, 
Be i L.. L, €Lysl}<i<307 be a super column 
‘eee Pe 
Toyo ig Meg, 
L,, Li, bi, 
LE. eae 430 


vector, vector space of refined labels over Lr, the field of 
refined labels. 


Define f : V > Lp by 


L,, L,, L,. | 
L, L, L,, 
L, ee Ty 
Leg ee De 
L,, Lj L,. 

‘ ie. Lys De 
L,, L, L,. 
(oa oe ee 
OO Eee oe 
Oa oe 

2 ori. i a et Ae eae Ty 


, fis a linear functional on V. 


ay tas +a7 +a) +4)3 +817 +aj9 +93 +A 99 
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Example 4.56: Let V = 


L, L,, L,, L,, L,,, L,,, 
L, L, L, L, L, L, 
2 6 10 u " * IL, €LgslSis<24} bea 
L,, L,, L,, L,. L,, L,,, . 
L,, L,, L,, L,., L,,, L,,, 


super row vector space of refined labels over Lr. 


Consider f : V > Lr by 


L,, L,, L,, L,, L,, L,,, 
L, L, a a L, L,. 

f ( 2 6 10 14 18 22 ) — L, + I. + L. a Ly 
L,, L,, L,, L,., L,,, L,,, ‘ ? 
L,, L,, L,, L,, eae arg 


is a linear functional on V. 


aj tag+ay,+ap4 


Example 4.57: Let V = 


) Li, L,, Lig. 
L,, L,. Le. 
L, L, | L,, L,¢€L,;lsisl5; be a super matrix 
Ee L,, L,, 
Ea Lg, Lee: 


super vector space of refined labels over Lr, the refined field of 
labels. 
Define f : V > Lr by 


f ( 
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mall Oe, Oe ct Cera al Cotte Ora) Eee Ce 
=L 


f is a linear functional on V. 


aj tas +a7+aj,) +a¢+aj2+a13 ” 


We as in case of vector space define the collection of all 
linear functionals on V, V a super matrix vector space over Lp 
as the dual space and it is denoted by L (V, Lp). 


Here we define Ls = Oifi4jifi=jthen Ls Hl Beer 


Using this convention we can prove all results analogous to 
L (V, P), F any field. 


For instance if V = 
{(L. Bea. Pha L..) IL, E Lyilsi<a} be a super row 


vector space of refined labels over Le then B = {(Lin: | 010 0) 
=v, V2= (01 Lass | 0 0), v3 = (0101 La 10), ve = (01010 
Lini)} € V is a basis of V over Lp. 


Define fj (vj) = L; ;1<i1,j3 <4; Ch, fo, fs, fy) is a basis of 
L (V, Lp) over Lp. 


We as in case of usual vector spaces define if f : V > Lp is 
a linear functional on super vector space of refined labels with 
appropriate modifications then null space of f is of dimension 
n-1. 


It is however pertinent to mention here that we may have 
several super vector spaces of dimension n which need not be 
isomorphic as in case of usual vector spaces with this in mind 
we can Say or derive results with suitable modifications. 


However for any super matrix vector space V of refined 
labels over Lr the refined hyper super space of V as a super 
subspace of dimension n — | where n is the dimension of V. 
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ay ap 


L 
Consider V = Fi ) L, €La;lSis4> be a super 


a3 a4 


L, a 
Consider W = i LL, €LSis3¢: eV. Wis 


the hyper super space of V and dimension of W is three over Lr. 


2 2 2 
wo iy - 


fo th ee ai 


2 
na 


2 
a 


Example 4.58: Let V = L, € Lg;1Si<10/ be a super 


2 
a 


ee Tea 


2 
a 


By tts 


i 
Cc 


10 


column vector space of dimension 10 over the field Lr of 
refined labels. 
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Consider M = L, €L,;1Sis9;- C V is a hyper 


super space of refined labels of V over Lr. Infact V has several 
hyper super spaces. 


Example 4.59: Let V= 


Ey Tee Le 
L,, as Li, 
Lag L, L,. 
- : ~|)L, €La;l<is18+ be a super matrix 
L,,, L,. L,, 
L,, L,, L.. 
L,,, L,,, L,, 


vector space of refined labels over Lr. 


Ones. Aas. 
L,, L,, as 
L, L, Li 
Consider W = ” ~||L, eL31<i<17;-CV, 
L,, L,,, L,, 
L,., L,, L,, 
L,. L,., L,, 


be a super matrix vector subspace of V over Lp. 
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Clearly W is a hyper super space of refined labels over Lp 
of V. Dimension of V is 18 where as dimension of W over Lr 
is 17. 


Let V be a super vector space of refined labels over La. S 
be a subset of V, the annihilator of S is the set S° of all super 
linear functionals f on V such that f (a) = 0 for every ae S. 


Let V = {fhe L,, hea IL,, € Last si<3} be a super 


row vector space of refined labels over Lr. We will only make 
a trial. 


Suppose W = fe. 


V. 
Define f : V > V by 


f((L, |0|0))= (0 | 0| 0) every (L,, 
W= {fe L(V, La) If ((L,, | 0 | 0)) 
= (0|0|0) forevery L, € Le}. 


0 | 0] IL, eL,} Cc V be a subset of 


0|0) ew. 


We see W° is a subspace of L (V, Lp) as it contains only f 
and f, the zero function. However one has to study in this 
direction to get analogous results. 


We will give some more examples. 


Consider K = 
Le L,, L,, Li, L,. 
Lg L, L, L,, Dy 
ee te 0 
L,. L,, L,., L,,, L,,, 
L,,, L,., L,, L,, L,,, 


be a super matrix vector space of refined labels over the 
field Lp. 
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Oy “O00 O) [Be ‘Ly 1050! 0 
0 of00 ollL, L, Jo 0 o 
Let S = si : : 
0 L, 0 0 0 0 0 0 
L,, 0 0 0 0 0 0 0 


where L EeLyp1l<is4}cVbea 


Co; co Oo 
o1o Oo 
So 
So 
So 


o 


0; 0 O O 


proper subset of V. Clearly S is not a super vector subspace of 
V it is only a proper subset of V. 


Define f; : V — V as follows: 


Te. Ee L,. L, L,. 
L,, L,, L,, L,, L,, 
fi ( ) 
L,, L,,, L,., L,, L,., 
L,, L,,, alg L,, L,.,, 
0 0 0 0 
0 0 L,., L,., L,, 
7 L,, L,., L,, L,,, 
0 L,, L,,, L,, L, 0 
Ee «be iti Be. “Tp 0 0 0 0 
Ce 2 SO Oe Ee 0 O|L, 0 0 
fo ( )= > 
L,, L,,, a3 L,, L,., 0 0 0 
L,, L,,, aig L,, L,,, 0 0 0 
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L, L,, L,, L,, L,. 
L, L, L, L, L, 
f 6 7 8 9 10 a 
. L,, L,, L,., L,, L,., 
L,., L,, L.. Li, L,,, 
0 O| O 0 0) 
0 O| O 0 0 
and so on. 
0 0 L, L,, L,. 
0 O L,, Li. L,. 
We see f;, f2, f; and f, are defined such that f,; (x) = 
0 0;0 0 0 
0 0;0 0 0 : . 
for every x € S, 1 <i<4. Now having seen 
0 0;0 0 0 
0 0;0 0 0 
how S° looks like we can give a subspace structure of L (V, Lp). 


We can as in case of usual vector space derive properties 
related with the dual super space and properties enjoyed by the 
super linear functionals or linear functionals on super matrix 
vector spaces of refined labels. The only criteria being Le is 
isomorphic to R. Also we have the properties used in the super 
linear algebra regarding super vector spaces [47]. 
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Chapter Five 


SUPER SEMIVECTOR SPACES OF REFINED 
LABELS 


In this chapter we for the first time introduce the notion of 
super semivector space of refined labels. 


We have defined the notion of semigroup of refined labels. 
Also we have seen the set of labels L, € on forms a 


U0} 
semifield of refined labels. Also Lo. 


refined labels. We would be using the semifield of refined labels 
to build super semivector spaces of different types. 
Let 


M= {(L E 


ay a9 


is again a semifield of 
{0} 


L 


a3 


se Nhe, } 


L, € Lys yo) Sin} be the collection of all super row 
vectors of refined labels. 


Clearly M is a semigroup under addition. We see M is 
infact only an infinite commutative semigroup under the 
operation of addition. Clearly M is not a group under addition. 
Further we cannot define product on M as it is not compatible 
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under any form of product being a super row vector. We know 


L and L Seaig ate semifields. Now we can define super 


R*U{0 Ufo 


semivector space of refined labels. 
DEFINITION 5.1: Let 


ve{(z, Ne ple = 


Eg shy bs 


(Cr 


Ler 


a3 R*U{0}? 


I oS i S n} be a_ semigroup under addition with 
(Ee, Bp | te Le og: "hg ag ses thee zero:--row 
vector of refined labels. V is a super semivector space of refined 


labels over Leg ie the semifield of refined labels isomorphic 


with R* U {0}. 
We will first illustrate this situation by some simple examples. 


Example 5.1: Let 
ae {(L, a Li) E Lgl sie 
be a super semivector space of refined labels over the semifield 


L 


R*U{0}° 


Example 5.2: Let 


ieee (Ore Ores a em lige Giles, Te | 


ay ag ag 


ay ay a3 a4 as a 


LueL 1<i <10} be a super semivector space of refined 


R*U{0}’ 


labels over the semifield L,,. We also call V to be a super 


U0} * 
row semivector space of refined labels. Since from the very 
context one can easily understand we do not usually qualify 
these spaces by row or column. 


Example 5.3: Let 
ce (oe i a by) 


be a super semivector space of refined labels over the semifield 


L 


a4 


L 


as 


L 


a6 


isis 7} 


L,eéL 


a3 R*Uf0 


R*U(0}" 
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Example 5.4: Let 


Vea (2 mL Smee pe RO on cops 6} 
be a super semivector space of fepied labels over the semifield 
Leto} 
Example 5.5: Let 

i= 1s L,, L,, | L,, L,, a6 L,, L,, L,,) 


L, € Liesgitsts9} be a super semivector space of refined 
labels over Leto the semifield of refined labels isomorphic 


with Q* U {0}. 


Example 5.6: Let 


so oa oe 1,)|Lo, € Lory! SiS 8} 
be a super semivector space of refined labels over ae ne 
Clearly K is not a super semivector space of refined labels over 
Laut) 
Example 5.7: Let 

V= {(L, Tipe fie2, Tie Tie, We ete ie, Ut.) 


L, €L an »isisio} be a super semivector space of refined 
labels over L Sheth It is pertinent to mention here that it does 
not make any difference whether we define the super semivector 


space over R* U {0} or Ly. 4, (or QU {0} or Ly. 4) as 


R* U {0} is isomorphic to Leach (Q* U {0} is isomorphic with 


Lo. Uf{0} ). 

We can as in case of semivector spaces define substructures 
on them. This is simple and so left as an exercise to the reader. 
We give some simple examples of substructures and illustrate 
their properties also with examples. 
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Example 5.8: Let 


MS es L,, L,, | L,, L,, a6 L,, L,, L,,) 
L,, € Las yilsiso} be a super semivector space of refined 
labels over Lavy oe Consider 

Mabe Ty “Ba i0! Oey Oe “Oo } 


aes : ‘ 
L, E bs gelere oy Cc V, M is a super semivector subspace 


of V over the semifield ae ‘ae 


Example 5.9: Let 
v= {(L L,, L,, L,, L,. L,, L,, [Ls } 


1<i <1} be a super semivector space of refined 


L,, L,, L,, 


ay 


Loeb 


R*U{0}? 


labels over the semifield De. Ai Consider 


w= {(L L, 0 0|0 0/0) 


a6 


L,, L,, L,, L,, 


ay 


L,. E Legit! <1 <6} c V, is a super semivector subspace of 


V over the refined label semifield es fan 


Example 5.10: Let 
Vea (lye Ty. Ty 


L,., ) 


pl <i <12} be a super semivector space of refined 


L,. L,, 


a a eae 


410 ay) 


L,eL 


R*Uf0 


labels over the semifield L ero 


Consider 
w={( L, L,, L,, L,, L,, L,, L, L,, L,, L,,, L,, Ey) 
Ls € errs. <i< 12} c V; W is a super semivector subspace 


of V of refined labels over the semifield L eee 
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Example 5.11: Let 
ve 1, Byiitis oe 


a 


 L | Ls) 


L,, € Lg. yo st Sis 6} 


be a super semivector space of refined labels over the semifield 


Leto}: 
Consider 
M={(L,, 0 |L,, 0 L,,| 0 Ly €Lo yo it sis} 
c V, is a super semivector subspace of V of refined labels over 
L d 
QU{0} 


Now having seen super semivector subspaces of a super 
semivector space we can now proceed onto give examples of 
the notion of direct sum and pseudo direct sum of super 
semivector subspaces of a super semivector space. 


Example 5.12: Let 
V= {(L, ne L,, ) 


be a super semivector space of refined labels over the semifield 
of refined labels Ley toy 


L,, € Les yoy! Sis 6} 


LL, 


Consider 


Mi={(L, 0 L,, | 0]0) 


ay 


LeL, 1<i<2} cV, 
aj R*U(0) 


Mo={(0 L, 0]0 O[L, JL, ely yo stsis2bey, 
and 
Ms={(0 0 OfL, Li, | OL, eLacjlsis2} ov 


be three super semivector subspace of V of refined labels over 


3 
Las ijo): Clearly V = (JM, with M; 7M; = {0.001001 0)} if 
i=l 
i#j,1<i,j <3. Thus V is a direct sum super semivector 
subspaces M), Mo and M3; of V. 
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Example 5.13: Let 
Oran OS Co 


ag ag 


as 


L,éL ;l<is 10} be a super semivector space of refined 


Q*U{0} 
labels over L - 
Take 


Wi={(L, 000 


Ufo} * 


0 0/0 0 0) sisis2} cv, 


L,eL 


L,, 


QV ufo 


W2= {(0 0 0 0j0 L,, 0 0) si<is3l cV, 


L, €L 


L,, L,, Q Ufo} 


Wa= {(0 L,, Ly, Ly, [0/0 0/0 0 OL, ely, stsis3} cv 
and 


Wa= {(0 0 0 00/0 OJO L,, L, JL, €Lg yy stsis 2} SVs 


be super semivector subspaces of V over the refined label 


4 
semifield L,..... We have V = JW, with Win Wj = {000 
i=l 
010100100 0)} ifi4j, 1 <i,j <4. Thus Visa direct sum 
super semivector subspaces W:, W2, W3 and W4. 


Example 5.14: Let 
ve {(L, 


L,, L,, 


L,, L,, L,, 


L, Be L., L, 1 Le Ly Ea) 


L,eL,. .;1Si <14} be a super semivector space of refined 
aj R*U{0} 


labels over the semifield of refined labels L 


R*U{0} ° 
Consider 
w, ={(L,, 0 OJL,, L,, L,,|0 0 0 ojo ojo L,.) 
el. plaisohey 
W= {(0 L, L,,|L,, 0 L,,]0 0 L,, L,, [0 ojo 0) 


170 


be Beto StS), 


W; = {(L. LS 


b, eh« Sis Tey, 


be super semivector subspaces of V of refined labels over 


5 
(o) We see V = Uw, but W; 0 Wj 4 {0 1001000100 
i=l 
0010010 0)} ifi4j,1<i,j <5. Thus we see V is only a 
pseudo direct sum of super semivector subspaces of V over Lr 
and is not a direct sum of super semivector subspaces of V over 
Le. 


Example 5.15: Let 


v={(L,, |L., La, |L wa) 


be a super semivector space of refined labels over the refined 
labels semifield L_, 


Q*U{0}” 
Take 


L 


as 


aro st Sis 8} 


Betis 


a4 


= {( Ly La, L,, }IL,, voy ue 
P2= {(L. ay La, iL. ee 
P3 = {(L, ay |Ls, a E Ler upo)t Si ssjev 
Py ={( aly eee ag ) orga)?! $18 4 
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and 


P; = {(0[L., O|L,, JO|L,, OfL,, JIL, ¢L 


Q*U{o 


nisis4t ev 
be super semivector subspaces of V of refined labels over 


5 

Lovo: We see V= LP, and Pi) VP) # {CO 10010101010 
i=l 

010)}, ifi#j, 1<i,j <8. Thus Vis only a pseudo direct sum 


of super semivector subspaces P), P2, ..., Ps of V over Lot ioy" 


Now it may so happen sometimes for any given super 


semivector space V of refined labels over the semifield ee 


or L., the given set of super semi vector subspaces of V 
RtU{0} 


may not be say as V 4 Up, only Up, &V. This situation can 
i=l i=l 

occur when we are supplied with the semivector subspaces of 
refined labels. But if we consider the super semivector 
subspace of refined labels we see that we can have either the 
direct union or the pseudo direct union. Now we discuss about 
the basis. Since we do not have negative elements in a 
semifield we need to apply some modifications in this regard. 


Let V = {(L Om oma oe bee ee eee 1<i<n} 

ay ag a3 ag an aj R* U{0} 
be a super vector semivector space of refined labels over 
L r We see B = {[Linn O10 01... 10], (O LinwilO O01... 10), 


R*U{0 


..., [(O01001... 1 Liss)} acts as a basis of V over Luis We 


define the notion of linearly dependent and independent in a 
different way [42-45] 
For if (vi, ..., Vm) are super semivectors from the super 


semivector space V over Las uyoy" We declare v;’s are linearly 


dependent if v; = oh: V; ;L, € C10} , L<j<m,j#i, other 
wise linearly independent. 


For take V = {(L,, Ly, |La, La, [La, ]La, € Lejos! SiS 5} t0 


R*U{0}? 


L,. ) 


be a super semivector space of refined labels over L 


R*U{0}° 


Consider (Lys; 010 0 1 Lins1) and (L,, 01001 Ti.) in V. 
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Clearly (L, 01001L, )= L,, (ini 01001 Lint) so, the 


given two super semivectors in V are linearly dependent over 
. Now consider (Ly; 010010), (001 L, 010) and (0 


R*U{0} 


01001 L, ) in V we see this set of super semivectors in V are 


linearly independent in V over L,,.. re 


Thus with this simple concept of linearly independent super 
semivectors in V we can define a basis of V as a set of linearly 
independent super semivectors in V which can generate the 


super semivector space V over L,..,)- 


Consider 


v= {(L, |L,, L,, L,,)|L,, €Lynygst Sis 6 


ele. 


ay 


to be a super semivector space of refined labels over Lato)" 
Consider the set B = {(Lm+i 10100100), (01 Limi 100100), (0 
101 Lines 0100), (01010 Liner 100), (0101001 Lines 0), (0101 
0010 Li+)} C V is a set of linearly independent elements of V 
which generate V. Infact B is a basis of the super semi vector 


space V over L,. ee We can give more examples. 


We would give the definition of super column vector space 
of refined labels over Lees ioe 


DEFINITION 5.2: Let 


Ds 
L,, 
V x L.é€L -1<is< 
a a, © Rt {0}? Set 
L,, 
an | 


be an additive semigroup of super column vectors of refined 
labels. Clearly V is a super column semivector space of refined 
labels over Lp. 
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We will illustrate this situation by some examples. 


Example 5.16: Let 


be a super column semivector space of refined labels over 
L 


R*U{0} * 


Example 5.17: Let 


2 
£ 


ES 


V= a, ||L, €L 31<i<13 


7 aj R*Uf{0} 


7 = 


oe 


2 


2 


fer. oie 


be a super column semivector space of refined labels over 
L 


R*U{0}* 
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Example 5.18: Let 


Be Ae 


Caer Cree 
2 
£ 
= 


be the class of super column semivector space of refined labels 


over L,. It is to be noted P is not a super column 


Ufo} * 


semivector space of refined labels over Eee Fai As in case of 


general semivector spaces the definition depends on _ the 
semifield over which the semivector space is defined. 
We will illustrate this situation also by some examples. 


Example 5.19: Let 


< 
M 
patie ne 


mae 
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be a super column semivector space of refined labels over the 
semifield L., . 
Q*U{0} 


Example 5.20: Let 


is a super column semivector space of refined labels over 
| Drees 
Q* U{0} 


Now we will give examples of basis and dimension of these 
spaces. 


Example 5.21: Let 


2 
a 


be a super column vector space of refined labels over L orca 
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Consider 


Tacui| | °O 0 0 0 0 0 0 
Oj]. lr 0 0 0 0 0 0 
0 On) M4 ll) 0 0 0 0 0 
elle 0 0 Li. || 0 0 0 0 
0 || oO || 0 0 || Li. |} 0 0 0 
0 0 0 0 0 IL, |} 0 0 
0 0 0 0 0 0 |L,,, |} 0 

0 0 0 0 0 0 0 Lia 


Cc Visabasisof VoverL., .. 
Q*U{0} 


Example 5.22: Let 


2 
a 


be a super column semivector space of refined labels over 


L., . Clearly V is of dimension nine over L., .. 
R*U{0} R*U{0} 
Consider V as a super column semivector space of refined 


labels over Lo. ‘sisi then we see V is of infinite dimension over 


L Suni? This clearly shows that as we change the semifield 


over which the super column semivector space is defined is 
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changed then we see the dimension of the space varies as the 
semifield over which V is defined varies. 


Example 5.23: Let 


be a super semivector space of refined labels over L Oncie of 


dimension six over Lo. Clearly V is not defined over the 


refined label field L 


Uf0}* 


R*U{0}* 


Example 5.24: Let 


be a super column semivector space of refined labels over the 
field L 


Clearly M is of dimension five over L,, 


R*U{0} * 


; but M is of 


U{0} 


dimension infinite over L., .. 
Q*U{0} 


Now we proceed onto give examples of linear 
transformations on super column semivector space of refined 


labels. 
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Example 5.25: Let 


and 


Et te. et 


p 
a 


at ol 
e 
a 
tC 
an 
lA 
IA 
es 
ies) 


oe 


2 


caves 


2 
is) 


be two super column semivector spaces defined over the same 


semifield L onarer 


Define a map n : V > W given by 
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2 
wo 


2 
wo 


rere 


2 
icy 
2 

w 


2 
s 


2 
a 


2 


tC 
pcerree 


2 

a 
2 

a 


It is easily verified yn is a linear transformation of super 
semivector spaces or super semivector space linear 
transformation of V to W. 


Example 5.26: Let 


Va{[E,, Ls [ba [ba Le [Ex Di, La] [Lae Desai is 7] 
oa 
Bs 
i 
and W= Loy, L, EL oot S189 
i 
ig 
Tis 
om 
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be two super semivector spaces of refined labels over De ean 


U{0} 
Let n: V > W be defined by 


coer 
J 


2 
rey 


n((L,, Li, L,, L,, L,))= 


L,, 


L,, 


ee Suan 


It is easily verified n is a super semivector space linear 
transformation of V into W. 


Example 5.27: Let 


2 
£ 


2 
a 


f 
a 


be a super semivector space of refined labels over L = 


Consider T : V > V defined by 


Ufo} * 
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T ( 


L,, [L,, 
Li L. 
Dp 0 
L. | fb 
L, 0 
in ‘ Li. 
ora Ey 
em 0 
L,, Le 
i. 0 


T is a linear operator of super semivector spaces. Now having 
seen examples of linear transformations and linear operators on 
super column semi vector spaces of refined labels. We proceed 
onto define super matrix semivector spaces. 


DEFINITION 5.4: Let 


L, L, a 
i 12 Im 
V = L,,, Lu Ly, 
3 ; L,€ Ee ih OF pec) 
L, L, L, 
ny my fo Ay, 


I Si Snand1 Sj Sm} be the additive semigroup of super 
matrices of refined labels. V is a super matrix semivector space 


of refined labels over L,. 


Example 5.28: Let 


U{0}° 
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be a super matrix semivector space of refined labels over 


Le sioi’ M is also known as the super column vector 


semivector space of refined labels over the field of refined 
labels L 


R*U{0}* 


Example 5.29: Let 


be the super square matrix semivector space of refined labels 


over L., . 
R*U{0} 


Example 5.30: Let 


ay ay a3 a4 as a az ag ag 

Ww te ao L,, Li. Le, Ew Lee Es, Le L,, 
C.. Ly. oe Le Lys Dig L,.. L,., es 

L,., L,,, L,, L,, L,,, L,., L,., L,., L,. 


L, €L,. 31Sis 36} be a super row vector semivector space 
i R*U{0} 


of refined labels over Leiyo) OF Super matrix semivector space 


of refined labels over Leseciany ‘ 


Example 5.31: Let 


L, L,, Le L,, L,. L,. L, on | 
ay ay L,. L,, L,. L,. L,. Le 
OA | One Cove ems Sram Drea OR 
ae | ON | 8 re Oaeema Oe|  O |W O 
Hie Nd, yall an, Mae og. WNeloas 
L,, L,,, Les L,, L,. L,., Tae, L,., 
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L,eL,. 3;l<is as} be a super matrix vector space of refined 
aj R*U{0} 
labels over the semifield of refined labels Te foe 
We as in case of other super semivector spaces define the 
notion of super semivector subspaces, basis, dimension and 
linear transformations. However this task is direct and hence is 
left as an exercise to the reader we only give examples of them. 


Example 5.32: Let 


Gs i | 
ay L,. L,, 
L, L, LE 
V= : : “IL, EL. 31<is18 
L, L, L, i R*U{0} 
L,, L,, L,., 
L,., L,, L,., 


be a super matrix semivector space or super column vector 
semivector space over L,, ap Clearly 


fo 0 0] 
Li, L, a3 
0 oO 0 
P= 4| —————__||L, eL,. ;15i<97 CV 
Le. L, [i aj R*U{0} 
0 oO O 
Lege Mee. ky, 
is a super column vector, semivector subspace of refined labels 
of V over L,.. ne We have several but only finite number of 
super matrix semivector subspaces of V over Lee wig If V be 
defined over the refined semifield of labels Lo. ro then V has 


infinite number of super matrix semivector subspaces. Thus 
even the number of super matrix semivector subspaces depends 
on the semifield over which it is defined. This is evident from 
example 5.32. 
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Example 5.33: Let 


[L,. |b, 2, |b, t,. |b, Ly | 
ag L,, L,,, L,, L,, L,,, L,., 
L, |L, bL, |L, Lb, |L, 4L, L,éL 
V= 15 16 17 18 19 20 21 eu 10)? 
L, L, Des L,. L, L, L, 1<i<42 
L,,, L,,, L,, L,, L,., L,, L,., 
L,,, L,,, L,., L,,, L,,, L,,, L,,, 


be a super matrix of semi vector space of refined labels over 
V is a finite dimensional super matrix semivector 


| Caen 
QV Ufo 


subspace over L having infinite number of semivector 


Q*U{0} 


subspaces of refined labels over L., 
Q*U{0} 


Now we proceed onto define new class of super matrix 
semivector spaces over the integer semifield Z” U {0}; known 
as the integer super matrix semivector space of refined labels. 

We will illustrate them before we proceed onto derive 
properties related with them. 


Example 5.34: Let 
Se ih ae 


ay ay ) 


be a integer super row semivector space of refined labels over 
Z* U {0}, the semifield of integers. 


op lsis7| 


Example 5.35: Let 


L, L,, Li. 
i L,. Ty 
V= L, lee L,, L, eLeaygst stb 
L,,, L,, L,,, 
L,, L,, L,. 
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be an integer super matrix semivector space of refined labels 
over Z” U {0}, the semifield of integers. 


Example 5.36: Let 


2 
o 


be an integer super row semivector space over the semifield Z* 
U {0}. 


Example 5.37: Let 


ay ay a3 ay as a6 az ag 
Ly | Ly Ly. ly, |b, Le, Ee da. 
¥ = L, Li L,, L,. L,, L,, ee L,., 
L,.. L,,, L,,, L,,, L,,, L,,, L,,, L,., 
L,., L,., L,., L,., L,,, L,., L,, L,,, 


L, €L.. isis4o} be a integer super matrix semivector 
i Q* U{0} 


space of refined labels over the semifield Z* U {0}. 

We can define substructures, linear transformation a basis; 
this task can be done as a matter of routine by the interested 
reader. 


But we illustrate all these situations by some examples. 


186 


Example 5.38: Let 


2 
£ 


10 


be an integer super column semivector space of refined labels 
over the semifield Z* U {0}. 


Take 


K is a integer super column semivector subspaces of refined 


labels over the semifield Z* U {0}. 
Infact we can have infinite number of integer super column 


semivector subspaces of V of refined labels over Z* U {0}. 


For take 
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2 
& 


L, ¢ L, where 6Z* U{O};1<i<10; CM 


2 
a 


S 


is again an integer super column semivector subspace of M of 
refined labels over Z* U {0}. Infact 6 can be replaced by any 
positive integer in Z* and K will continue to be a super column 
semivector subspace of M of refined labels over Z” U {0}. 


Example 5.39: Let 


Pa (lp ie. L,, € Les yoy Si 6} 


L,, ) 
be an integer super row semivector space of refined label over 
the semifield Z* U {0}. 


Ket (h, i 1y 


L, L,, 


0 OfL,,) |L,, € Ly. yosl Sis} cPis 


an integer super row semivector subspace of P of refined labels 
over the integer semifield Z* U {0}. 


Example 5.40: Let 
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be an integer super matrix semivector space of refined labels 
over the semifield Z* U {0}. 


Consider 
O°. 02 E,. | 
i |e 
H=,/L, L,, | 0 |IL, ¢ Lar yoy t Si 887° SS; 
Deg lage! 90 
Tee lege || 0 


H is an integer super matrix semivector subspace of S over the 
integer semifield Z” U {0}. 

It is pertinent to mention here that S has infinitely many 
integer super matrix semivector subspace of refined labels over 
the integer semifield Z* U {0}. 


Example 5.41: Let 


V= {(L L,, L,, L,, L,. L,,) 


1<iso} 


L,eL 


ay R* Uf{0}? 


be an integer super row vector semivector space of refined 


labels over the semifield of integers Z* U {0}. 
Take 


W= {(L, . 


Ei, 0-000) Ea Clg thei So, CY. 


W2={(0|0 L, 0|0 0) 


L,, 3 ere = V, 


Ws={(0/0 0 L, | Ly, 0) 


a 


isis2}cv 


Le Ey 


lo}? 


and 


Wi={(0]0 0 00 L,)|L, Lain f SY 


be integer super row vector semi subspaces of V. 
4 
Clearly V = Uw, ; with Wi 0 Wj = (01000100); 14), 1 
i=l 
<i,j <4. V is the direct union of integer super row semivector 
subspaces of V over the semifield Z* U {0}. 
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Example 5.42: Let 


L, L,, L,. 
Pe Ie. be 
L, Lb, Ly 
L L, L; 
V= at . a. Ly, € Lge jo) SiS 24 
ey 
ie, 
L, L,. L,., 


be an integer super column vector semivector space of refined 
labels over the semifield Z* U {0} = S. Consider 


L, L,, Ly. 
0 0 0 
0 0 0 
0 0 0 
Vi= é 0 0 L EL. jot S183 cV, 
0 0 0 
0 0 0 
0 0 0 
[oO 600 (O01 
Le,» hy. ey 
0 0 0 
Vi= 0 0 é L, € Las)? <i<6; CV, 
0 0 0 
0 0 0 
0 0 0 
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0 O 
0 O 
0 O 
I a L, 
V3= L. L., L, Leh ge, eV 
Es 
0 0 
0 0 
and 
ro oO 0] 
0 0 O 
0 0 O 
0 0 O 
Vi= 0 0 0 L, E Lascopt SiS 6 cV 
0 0 O 
ee oe By 
Deo kt Te, 


be integer super column vector semivector subspaces of V over 


4 
the semifield S = Z* U {0}. Clearly V = (JV, with 


i=l 


ViAV;= ifi¢j1<ij<4. 
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Thus V is a direct sum of integer super column vector 
semivector subspaces of V over S. 


Example 5.43: Let 


be an integer super matrix semivector space of refined labels 
over the semifield S = Z* U {0}. 


Consider 
era eee a 
0 |L,, 0 
L, | 0 0 . 
P,= 5 0 1, L,¢ Lui <i<6; CV, 
0 | 0 O 
0 | L,, 
he 20" Hes 
0 
L, |L, 0 
P> = "i moh, L,, € Las jot Si $6 CV, 
0 
Ly 
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ie sO. 10s | 
Ios. L,, L,, 
0/0 0 
Pa= 9) Sp | [ba eben SISO SV, 
0/0 0 
Ty, de, 0 
[L, | 0 0] 
Gei|/-05 = 20 
Le 40 ST, 
Pye cL. Do | es Ebest SEST/ SV, 
0.) Ls - 0 
IL. | 9 0 | 
[L, |O 0] 
0/0 0 
0/0 0 
P; = > 10 O L,, € Las)? <i<3-+cV 
ycllOex0 
L, |0 0 
Eee! | Bae 5 00" 
0 
0 
and Po = L, 0 L,, € Las yoyt $185 cV 


are integer super matrix semivector subspaces of refined labels 
of V over the semifield Z* U {0}. 
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6 
Clearly V = (JP, and V, VV # 


i=l 


ifi#j, IS, js 


Thus V is a pseudo direct sum of ‘integer super matrix 
semivector subspaces of V over Z* U {0} of refined labels. 


Example 5.44: Let 


Ibe. les as. Cle ee 
bg | Eye 

B24) Ey. | Ly Day ae |Buy | (Eee Lge gat Sts 25 
Lh. L,, L,., L,, L,,, 
Bg! |e 1. Uys WD, 


be a integer super row vector semivector space of refined labels 
over the semi field Z* U {0}. 


Consider 
[L, |0 0 O| 0] 
Bye Os “020 
H, = Ly 0 0 0 L,. L, EL siot S125 cB, 
L, |0 0 0 
| dege, | O: D0 | 
Gone ems Oram Derm its a 
0;0 oO OO /}L,. 
H,=3| 0/0 0 0O as | |Lea, ot Ere se cB, 
0}; 0 oO O . 
ea ees eG es Os | 
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Oe see OOS lO] 
Ty ay Ee L,, L,, 
H; = 0 L, eles 3tSiser CB, 
0 
es 0 L,, 7 


Hes} 0 | L, 2, L 0 |/L, €L 31<i1<10;-CB, 


and 
POF iE: Os" +) | 06 
Ex | O Be, 0 || 20 
Hs=3} 90 | 0 O L, | 0 JIL, ela guibslse CB, 
Oy ete aes, “Ae. | a 
[202], O20: Teg, ay | 


be an integer super row vector semivector subspaces of B of 
refined labels over the integer semifield S = Z* U {0}. 


B=UJH, and 
i=l 
[0/0 0 0/0] 
0/0 0 O}0 
H,AH;}#/0/0 0 0] 0| ifi¥j,1<i,j <5. 
0/0 0 O}0 
|0|0 0 O}0 


Thus H is only a pseudo direct sum of integer super row 
vector semivector subspaces of B of refined labels over Z” U 


{O}. 
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Now having seen examples of pseudo direct sum of integer 
super matrix semivector subspaces and direct sum of integer 
super matrix semivector subspaces we now proceed onto give 
examples of integer linear transformation and integer linear 
operator of integer super matrix semivector spaces defined over 
the integer semifield Z* U {0}. 


Example 5.45: Let 


Ee: lige A) 
ey, «Ae 
Dg. be,’ Sy 
Veil,  £.: By.) |b, eb. 3lsis2) 
10 i 12 i QV U{0} 
L,, L,,, L,., 
L,, L,,, L,., 
L,,, L,, L,, 


be an integer super matrix semivector space of refined labels 
over the integer semifield Z* U {0}. 


L, L,, L,, L,, L 3 L, L 


a3 4g ag aya als aig 9) a4 
be an integer super matrix semivector space of refined labels 


over the integer semifield Z* U {0}. Define T a integer linear 
transformation from V into W as follows. 


L, Ly ba, 
L,, as a6 
L, L,, L,, 
Telli = Wig, lie 
Bi. dae, Be, 
i es 
oe Oeae Eae 
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ay a4 ay 410 443 416 aj 


a3 a5 ag ay a4 a7 49 


ll 
be et 
ek 
oe 
7 
7 
ce 


a3 a6 ay 412 ays aig 491 


Example 5.46: Let 


os CO Oe 
a oe oe 
b..  T, 
EA. i, te, 
Veal Ey, By Pyle eles? 
Ine We, eg, 
Es, das 
- [. ie 
a Os 


be an integer super semivector space of refined labels over the 
semifield S = Z* U {0}. 
Define T : V > V by 


ie We. ae, 0 0 0 
L,, L,, L,, ay L,, Tags 
re Cr om 0 0 0 
L, om L,, L,, Ie. a 

P| Lye 1y, Ly, (Le 0 0: #0 
es gs ie i. Te Ee 
eee Oe oe Oi -70% 0 
LE, or L,,, ay i, L,, 
ey ee 0 0 0 
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Clearly T is a integer linear operator on V where kernel T is 
a nontrivial semivector subspace of V. 

Now we give an example of a projection the concept is 
direct and can define it as in case of semivector spaces. 


Example 5.47: Let 


be an integer super matrix semivector space of refined labels 
over the integer semifield S = Z* U {0}. 


Consider 

Os Tel 30% | 

L, L,, 
0 0 

W= LeL, ;1l<i<s9+cV 

L, L, Q*U{0} 
0 0 0 

L, L, | 0 


be an integer super matrix semivector space of refined labels 


over the semifield Z* U {0} of V. 
Define T an integer linear operator from V into V given by 


as Coy On GLa 0 
irene ee Ds, cle. 
oa oe (noe 0 0 
T 7 8 9 2 
L,, L,,, L,,, L,, L,, 
L,, L,, L,., 0 0 
L,,, L,,, L,,, ag L,, 
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Clearly T is a linear operator with nontrival kernel. 
Further T (W) ¢ W that is W is invariant under the integer 
linear operator T on V. Consider 


L, L,, | &,, ee Ea ie Bi 

a eal, |g 0 OO]; 0 

| ame ead et On L, L,, | L,, 

Tit = 

| mee Sn 0 Oo; 0 

L,,, L,,, L,., L,, L,, L,, 

L,., L,., L,, 0 0 0 
We see T; is a integer linear operator with nontrivial kernel 
but clearly T, is not an integer linear operator which keeps W 


invariant; that is T; (W) ZW. 
Thus all integer linear operators in general need not keep W 
invariant. 


Now we proceed onto define various types of super matrix 
semivector spaces of refined labels. 


DEFINITION 5.4: Let V = {set of super matrices whose entries 


are labels from Bi ag OF Lowy a } be a set of super matrices 


refined labels. If V is a such that for a set S subset of positive 
reals (R* U {0} or Z’ U{0} or 0 U{0}) sv and vs are in V for 
every v € Vand s € S; then we define V to be a set super matrix 
semivector space of refined labels over the set S or super matrix 
semivector space of refined labels over the set S, of subset of 
reals. 


We will first illustrate this situation by some examples. 


Example 5.48: Let 


L,, 
V= = le re htt L, L,, Jb, JL. |b, La, L,,) 
L. : . 


199 


Ly, ,ELy auee sisiss} be a set of super matrices of refined 


labels. 
Let S = {alae 3Z’ U2Z U {0}. Vis a set super matrix 
semivector space of refined labels over the set S. 


Example 5.49: Let 


7 \f L a ee 


L 
| 1<i<18 


a, |L 


as 


L, L 


a6 ay 


be a super matrix set semivector space over the set S = {alae 
BZ UZ V{OVVCL of refined labels. 


R*U{0} 
Clearly V is of infinite order we can define two substructure 
for V, a super matrix set semivector space of refined labels over 
the set S,S CR* vu {0}. 


DEFINITION 5.5: Let V be a super matrix semivector space of 


refined labels with entries from L neyo) OVEF the set S(S CR* VU 


{0}). Suppose W CV, Wa proper subset of V and if W itself is a 
set super matrix semivector space over the set S then we define 
W to be a set super matrix semivector subspace of V of refined 
labels over the set S. 


We will first illustrate this situation by some examples. 
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Example 5.50: Let 


L, L,, L,, L,, L,, 
L, L, 1 L, L, 
serra (a Ooeumy Oreeme Brea D Derm Beal Bye “j= | _"* 
Vv = L, kL. ? : : ; , ; ° - L, L, L, 
- - L, L, L, L, L, L, : : 3 
Li. L,, 7 8 9 10 at 12 Le en Lge 
L,, L,,, L,,, L,, L,., 
L, € Les gisk S155} be a set super matrix semivector space 


of refined labels over the set S = {a € 3Z” U5Z" U {0}} <Q* 
U {0}. Consider 


Ey, by 
ee On 

w=j/0 0 L,, € Ly. yi} SiS 10 
0 0 
i, Sie, 


CV, W isa set super matrix semivector subspace of refined 
labels over the set S c Q* U {0}. 


Example 5.51: Let 


L, 
Bog) age Te [= 
L,|/L, 4,/6,/6, G, 
Ves|L |} b., Lag [Lay ho, La, 
L,. Le, L,, L,, L;. Ly 
Ts. |}| deg dg ag Ws Teg 
LL. | ; 
Le Lou)! Si <35} be a set super matrix semivector space 


of refined labels over the set S = 3Z* U 5Z* U 8Z* U {O}} 
Qu {0}. 
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Consider 


L,, 1 
0 0 OJjL,| 0 0 OL, | 
Le (0) 20g : ul 
L - L 0O;0/;L L 
ay L,, 0 L, ay ag ag Pat) aly 
P=3| 0 |, SQ. dos, ee 00 0s O18 
6: 15.1, 2 [ss 
L, “4 0 L,};0/0 OL, | 0 
3 ‘ L, L, L, 3 13 
L,, Blot ea Cet ie SOY TaD. Oe. OH, 
0 
L, € Leases <i< is} c V; P is a set super matrix semivector 


subspace of V over the set S of refined labels. 


Now we proceed onto define the notion of subset super 
semivector subspace of refined labels. 


DEFINITION 5.6: Let V be a set super matrix semivector space 
of refined labels over the set S, (S CR* U{0}). Let W CV; and 
P CS (W and P are proper subsets of V and S respectively). If 
W is a super matrix semivector space of refined labels over the 
set P then we define W to be a subset super matrix semivector 
subspace of refined labels over the subset P of the set S. 


We will illustrate this situation by some examples. 


Example 5.52: Let 


pen Ly L,, | 
Ly Le. L,. 

L, Ly by} fl, |b ba ba, |b, La, 
ee, ae Cea C1 Ca CA Oe OP 
L,, L,, L,, a; Ps ag ay Ee alg 
OR CP Oe 
1s, ie de 
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‘1<i< 
aj ory) $1821 


be a set super matrix semivector space of refined labels over the 
set 


S = {ae 3Z° U8Z*U 727 UV 132" U {0}} COU U {0}. 


Consider 

be Ls Li | 

0 0 0) 

Eg, ile, lag, | if 02 Tage Or i. 7 0 
K= 0 0 Beg O ee. 0: Tae 0 ae |e 

L, ee Mage |) ae Oe le 00, id 

0 0) 0) 

Ls Lay Digs 

L, EL cop Sisl2 cP 


and 
T=ae3Z7 UTZ U{0}} CSCO UV {0}. 


K is a subset super matrix semivector subspace of P over the 
subset T of S. 
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Example 5.53: Let 


io 
i. 
bs 
i 
VS ee (Le Hig De (Ly, By Me, oe 
Lig 
L 
L,, 
L,, 
i, ie 
L, La |i, |ba |) lL, 
Eee 10s Wen fell ea 
Sea Om omg ee i te 
Eo, <1 


be a set super matrix semivector space of refined labels over the 
set S =a € 5Z° U 3Z7 UTZ" UV 8Z VU 13Z" UV LIZ" u {0}}. 
Consider 


Waa (b2 |0:0)/E, ti, Te 01,0), 
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/L, 0 
ae a L, 0O /|L,, | 0 
ia 0 L,, L,, 
: is : 0 0 L, € Leni stse cV 
0 L,, L, 0 |L, | 0 
Lg 60 


and K=ae 3Z*° U 8Z* u 13Z7 vu {[0}} cS CQ vu {0}. 
Clearly W is a subset super matrix semivector subspace of V of 
refined labels over the subset K of S. 

As in case of usual vector spaces we can define direct union 
and pseudo direct union of set super matrix semivector space. 
The definition is easy and direct and hence is left for the reader 
as an exercise. 


We now illustrate these two situations by some examples. 


Example 5.54: Let 


L, 
L,, 
1 oe Poe ee Sol Se 
Dy, || ba [La Ls, [Le 
L,, |] L,, |L,, ba, [L,, | | a] oe be Ca |Pas Pa 
V= L. IL, 10,. L,.1L., 10H) Ores Soe On Ea Oe 
L,, Ly, L.,, Ly. L,.. Ls L, Ls L,, ee L., 
Le. L,, L,,, Lia L,,, 
Le ot 
oa 
L, € Levin isis24} be a set super matrix of semivector 


space of refined labels over the set S = {a € 3Z” U 25Z* U 11Z" 
U 32Z7 U {0}} <Q VU {0}. 
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Consider 


I 
Teg 
Le 
Le. 
Is. 
Wi= L, bye lonaslsi SIO ey, 
Te 
L,, 
ion 
ie. 
L, E. Lig Ly. L, a6 
Woo Dial Eg. Ty, We ae Tg, | ee Tia gl StS 18 
L,, L,, L; Lis ais a8 
c V and 
| L,, L,, L,. L,, | 
L,. Lo, Ley L,, 
Ly L, Le. L,, 
W3= falc hos L €L ag 3lSis24pcv 
Ae oe Cree a 
| Eee Sree Berd ee 


be set super matrix semivector subspaces of refined labels over 
the set S. 


3 
Now V = JW, and Wn Wj = 0 if i#j, 1 Si, j <3. Thus 


i=l 
V is the direct union of set super matrix semivector subspaces. 
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Example 5.55: Let 


L, 
L:. 
ies 
L;, 
be 
L. 
L, 
, L, L, L, L, L, L, L, 
v=s/L, ff.” : ; : : ie 
Ey 
L, 
Lig 
Dy 
Bae 
LA. 
Beas oo: oe 
Leo, | ag” Ta Wg) hg De ee 
L, | L Ls, Ly |p be, ba Lay | (Ly € Leo} 
Tay | tote Mee. Tet ie Ne Te hl aes 
L,, L,, L,, L,, L,,, L,,, L,,, 
. ae eee oe 


be a set super matrix semivector space of refined labels over the 
set S = (3Z° UTZ" VU 13Z7 VU MZ? UV 19Z* UV BZ {0}} <Q 
U {O}. 


Consider 
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ae aio 


2 
a 


1<is15 


= 
i 
poe ae 
——— 
iS 


0 | 0 0 0 | Li € Les cigs 


ee 


PS 


2 


UO ee ce ie 


cV, 


|e on 


1<i<14 


L, L,, L,, L,,, 
L,, L,, L,, L,, 


L, = = Cc V. 
ee) 


M3= 


and 
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L/h dag 
Dis J 
Ie, Ee, . Uy 
oe a Ores Ome L,, € Loot Si S18 

Dg yy alg. 
Bi eg. he 

and 

Lc 00S O00: 1) 

fe L, 0/0 L, 0 L, Le els ag SISO SY 


be set super matrix semivector subspaces of refined labels of V 
over the set S < Q* u {0}. 


4 
Clearly V = (JM, butM; OM, 4 oifi4j, 1 <i,j <4. 
i=l 
Thus V is only a pseudo direct union of set super matrices 
semivector subspace of refined labels over S. 
We can define set linear transformation of set super matrix 
semivector spaces only if both the set super matrix semivector 
space of refined labels are defined over the same set S C R* U 


{0}. 
We will just illustrate this situation by some examples. 


Example 5.56: Let 


ays AL L,, L,, 


LL, kL, 


LL, 


2 
£ 
in 


2 
a 
2 
is} 


cae Caan Se 
a 


2 
a 
= 
B 
2 
8 


2 
4 
2 
id 
2 
& 
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L,, Das L,, LE L,. 
a | CP ee 2 
Ly, Egg ae Bal | Bae | Boe tise Ste 25 
Te > ge ie ges 
[eames Cea oman rae tO 


be a set super matrix semivector space of refined labels over S = 
ae 5Z°U3Z" U {0}} CQ’ VU {0}. Let 


io Wh, ie. We. He A, 
ey L,, t.. L,, 1 4 7 10 13 16 19 
W= , Ae Toe TG. bees Tee Tb. ag 
L, L, L, L, 2 5 8 cat 14 17 20 
5 6 7 8 Ley, Li. L,, Le. oa E.. em 
fie: Ses. Wee | 
Bic hg ay 
L,, L,, L,, 
L,, L,, L,, P 
Ee. ote lf Les geleis24 
L,, L,, L,, 
L,,, L,,, L,, 
lL, L,., eer 


be a set super matrix semivector space of refined labels over S = 
{a € 5Z+ U 3Z4+ U {[0}} CQ*U {0}. Define T: V > Wa set 
linear transformation of refined label set super semivector 
spaces as follows. 


Le He wy 
i, “by ok 
1: ae =e 


T ( 
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L, L,, L,, ayo a3 L,, L,, 
= L,, L,., L,, L,, L,,, L,,, L,,, 2 
L,, a6 L,, L,., L,., aig L,, 


and 


aed Sand (os 


| rae, ap Emma Ba 8 Regs oe 

Tse | alt ||| Tage, ca aD ~__“_” 

6 7 8 9 10 L, L, L, 

T( L, L, L. L, Ie. = 10 ul 12 
11 12 13 14 15 L, Ti i. 

ic L, im L, 1 13 14 15 

16 17 18 19 20 L, is. Ez, 

Ls L, L, oy LE: 16 7 18 

L 21 22 23 24 25 L,,, L,, Ls 
L,., L,., L,., 


T is a set super linear transformation of set super linear 
semivector spaces of refined labels defined over the set S Cc 


Q* U {0}. 


Example 5.57: Let 


a3 L,, ayy 46 ay ag ay L,,, 
a4 Ls ag |? L,, L,, L,, LD, io > 
a5 Le alg L,,, L,, L,., L,,, L,,, 
a Toys 59 L,, L,., L,. L,.. L,., 
L 
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alg L 


L 
iL aj Uo}? 
L 


eL 
1<i<25 


be a set super matrix semivector space of refined labels over the 


set S = {a € 3Z+ U {0} U 244}. 


Define a map T : V > V given by 


re eee Bd 

L,, L,, L,, 

Ly. by iy 

4 Na | fe Ons Oa 

L,, Ds L,, 

i i 

ie i> See 
L,, ‘ay Ly a9 ay3 Eee 
el Tye Meee. oy. De Oe, JT 
L, fb, b, fb, ba, ba, 
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+ 


vel 


ine ¥ a a 


e 


— 


ei tT 


ei = cy wii 


see |< = 


a 
3 


rel 


“i 
| 


is 


and 
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i. 
L,, L,, 
ane ae 

=|L,, L,, 
Ly Ake 
Bee ty 
a oe 


Clearly T is a set super matrix 
operator of refined labels. 


semivector space set linear 


As in case of usual vector spaces we can talk of a set super 
matrix semivector subspace of refined labels which is invariant 
under a set super linear operator T of V. 


Example 5.58: Let 


Te 
i 
L, 
- Le L, L, Ts 
L, 1 2 3 4 
: L, 1s Li, L, L, | L, 
v= L, 5 6 7 8 1 3 
L ill L,, L,,, L,, L,,, L,, L,, 
“ L, Ly L, L, 
Te 13 4 15 16 
em 
L,, 
L,, L,, L,, L,,, L,,, L,,, L,, 
L,, L,, L,, L,, 14 L,, L,,, L, = Loo)! <i<21 
L,, L,, L,, L,,, L,,, L,,, L,., 


be a set super matrix semivector space of refined labels over 
the set S=a € 3Z* U2Z7 UTZ u {0}} <Q* vu {0}. 
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Consider 


L,. 
L, 
L, 
- a L, L, L, 
L, | 2 | 4 
; L, L, Ly L, L, L, L. eL : 
W=?|L, | Bo OE SRE ae 3 QP ULOY? 
- Ege ig | egg: (eg ge || aetG 
7 | em a ec 
Ly, 13 14 15 16 
L 


Cc V is a set super matrix semivector subspace of V of refined 
labels over the set S. Define a set super linear transformation 
T: VV by 


ro) [ta] 
Li L,, 
Le L,, 
L,, L,, 

Th | ga!) | 
L,, Dy 
Le Ly 
Li, L,, 
i Ly 
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Bg | age |, Daeg? | 8, Tipp, |e Tease eggs”) dd 
| fe cee fe a oe pea oe 
, L,, L,, L,, L,, ; L,, L,,, L,, L,, 
L,., L,, L,., L,,, L,., L,, L,., L,,, 
and 
L, L,, L,, L,, L,, L,,, L,, 
T L,, L,, L,, L,, L,, L,, L,., = 
yp Hig: hy ag 


0 0 0}0 0;0)0 
0 0 0/0 0)/0/0}. 
0 0 0}0 0;0)0 


T is a set linear super operator on V. 


Further T (W) c W. Thus W is invariant under the set 
linear super operator of V. 


Now we proceed onto define the notion of semigroup super 
matrix semivector space of refined labels over a semigroup S C 
R* VU {0}. 


DEFINITION 5.7: Let V be a set super matrix semivector space 
of refined labels over the set S CR* U {0}. 

If S is a semigroup of refined labels contained in R* U {0} 
then we call the set super matrix semivector space of refined 
labels as semigroup super matrix semivector space of refined 
labels over the semigroup S CR* U {0}. 


We will illustrate this situation by some examples. 
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Example 5.59: Let 


L, L,, 
L,, Li, 
L, Ey 
- ° L, L, ED L, L, 
L, Li 1 2 3 4 5. 
, ; L, L, L, L, L, 
v= Ti L, 6 7 8 9 10 
° " L, L; L, L, L, ; 
L, L, ul 12 1B 4 15 
: - L, les L, L, L, 
Lie Le 16 7 18 19 20 
L,,, L,, 
L,,, L,., 
(gp sie eg ie ig Te) ea yee 20 


be a semigroup super matrix semivector space of refined labels 
over the semigroup S = 3Z* U {0}. 


Example 5.60: Let 


M= (Gg: Tos yy Te Ee | 
pis L., Ds. L,, L., Ler 
Be ee, Boke |e, 
De, eee hers. tabegs. Hes | ae L,, € Lor yoy t $1 $30 
De ee, ees 
es Pha | Cte Cree Creal Be 
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is a semigroup super matrix semivector space of refined labels 
over the semigroup Z” U {0} under addition. 


It is pertinent to mention here that the semigrioup must be only 
a subset of R* U {0} but it can be a semigroup under addition or 


under multiplication. 


Example 5.61: Let 


| L,, Ee L,. | 
L, Lg. By 
L,, Ls, L,, 
oe Mie eet | edag, | Slo esl a Hee, 
Leg) Hoe. Wee |g: ee, |Ma | ese ee, “Bigs 
= Em L, | L,, i L,, L, L,. L,. L,, oe 

Tes ee eg | Dig Tee [ee Te 
L.., Ly, L,., 
oe L,. L,. 
lees Li. Li. 

bey, hs 

L. L,. L, 

LL, {L,, | fbx Parvin! $1830 

Ey Wee |e, 


be a semigroup super matrix semivector space over the 
semigroup L., under addition. 
Q* U{0} 
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Example 5.62: Let 


L, lg L, 
a een 
Dt: Teg Nas fils, ge Ee Te WL. ee) 
Eh oral Ea 
a Oo 
faa 2a es Cree Crea Oe 
Oy |e Somers Creamy Crs Oa Oo 
bigs | Tig Meng Betyg || ag Leg, |B, SBegeuggyit S190 
ee oe Legs ee 493 Tees, 
eg 2 a OR Co A oe 


be a semigroup super matrix semivector space of refined labels 
overS=L,, . S asemigroup under multiplication. 
R*U{0} 


We can define substructure which is left as an exercise to 
the reader. 


However we give some examples of them. 


Example 5.63: Let 


ins ie 
i De ai, 
via Sa om 
a ne) oe 
BS iho Weg fla, Me He idige, Ws lla 
Le Ae de 
De, bors, ls. 
Le? Ws “ee. 
Ly L,,, L.., 
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1<i1<30 


L L az ag ag L,, L,, L,, 

| LoL, | [bse beun! 
L. LL 
Ls , vs vy 


be a semigroup super matrix semivector space of refined labels 
over the semigroup S =L Take 


Q* U0} * 
L, L, L, 
We \ 2 3 
Li, Alege lig, 


Te | dey, 


cV, 
L,,, L,, 


L 


L,., L,, L,, L, EL yoy} 
TL, jl, J} 1sisi2 


a2 


W is a semigroup super matrix semivector subspace of refined 
labels over the semigroup S = L ee Take 


Ufo} * 


LL, by L,. 
ig oe ie 
Bas “Tae i, 

a Digs “dla, sles’ rut oy 
Le Ly Ly [bey |e} 1s1<30- |) 
ae eo 
is a 
ae en ee 
ne ee ei 


is a semigroup super matrix semivector subspace of refined 
labels over the semigroup S. 
Clearly 


a L, 
BOW= Fl ee eu Steere V 
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is again a semigroup super 


matrix semivector subspace of 


refined labels over the semigroup S. 


Example 5.64: Let 


|e) | Se Ca 
Bay tba bag | | ba [ba ba, [bay La, | La, 
M=/L. [Ly Le, |.) Ls, JL, La JL, ba, Jba, | 
Foye. Le iy a43 L,, L,. Ly ay arg 
be i. L,. | 
Mees a Ie 
Be liy2 ge 
a ~ i L,. Ly € Lgeuig st SiS 18 
Bele Ags ae 


be a semigroup super matrix semivector space of refined labels 


over the semigroup S = L., 


under multiplication. Consider 


Q*U{0} 
Pgs a. Me | 
aq L,, L,, 
Wi= jf La, | La La, | [Ls € Lory) SiS15¢ CV, 
L,,, L,, L,,, 
L,,, L,,, L,,, 
L, Le Ly L, L, L, 
1 2 3 4 5 6 i» E be ne 
Wres| De. a... (be |) V 
7 8 9 10 ul 1 1<i<18 
L,., L,,, L,., L,,, L,,, L,,, 
fe L,. L,, be 
d W L,, EL, L, L, 
an 5 6 1 8 2 > 
3 ee Peo L, € Lot uyoy 2? S1 S16 
L,., L,., L,. L,., 
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Cc V be semigroup super matrix semivector subspaces of V of 
refined labels over S. Clearly Wi Wj = if i4j,1<i,j <3. 


3. 
Also V = LUw,. Thus is a direct union of semigroup super 
i=l 


matrix semivector subspaces of refined labels over L S. 


RtULO} 


Example 5.65: Let 


yy, ae, 
ie. ay, [L,, rans oe Ga Em L, | 
Tg a NT see ee le Sg 
epee a 2a ey De eM 
he, ig ile ies, Ses ea. We. Be 
ae Ce || oe es a ee 
L,, L,, : : 

| A lg, Ts ey a) es eta 


be a semigroup super matrix semivector space of refined labels 


over the semigroup S = Loy" 


Consider 
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and 


pen Lg Lge Egy | 
0 | 0 0 Oj; 0 O 
0;0 O OO; 0 O L,, € Las yo3t SiS27 CM 
0 | O 0 Oj}; 0 O 
0 | O 0 Oj}; 0 O 


be semigroup super matrix semivector subspaces of M. 


We see 
P} ON P2= 
fire fb oars Eves Ore | Ces ng 
0 0 0 0 0 0 
0 0 0 0 0 0 L,, ELA labs SM 
0 0 0 0 0 0 


is again a semigroup super matrix semivector subspace of M. 
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PsP, ae “| ages “Tea. 
Ore OP 2208 i20s* “20 
P2OP3=1}0]0 0 0} 0 90 IIL EL p SM 
ae 
0/0 0 O}0 O 
and 
P30 Pi= 
Pl Ree: ° Hide Te Ting My | 
Oe 208 <0) Oo <0 
0) 0 0 0/0 0 IIL, EL, op SM 
Oi) 0. OO <0 ),0. 0 
0/0 0 O0}]0 O 


are again semigroup super matrix semivector subspaces of M 
over the semigroupS=L., 
eee QU{0} 


3 
We see thus P; NP; #6; ifi#j; 1 <i, j <3. ButM= [JP 
i=l 
so M is a pseudo direct union of semigroup super matrix 
semivector subspaces of M over S. 


Example 5.66: Let 


si fe iy Tee (eT, b) 


ay 
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ee ee er | eo 


be a semigroup of super matrix semivector space of refined 
labels over Lito) =S 


Consider 


a |? (i, L, ) 


L, 


Lb, 


ee Ee 


Ee sat cP and T= { multi } CS bea subsemigroup of 


S. 

We see M is a semigroup super matrix semivector space of 
refined labels over T of P called the subsemigroup super matrix 
semivector subspace of refined labels over the subsemigroup T 
of S. 


Now we can give the related definition. 


DEFINITION 5.8: Let V be a semigroup super matrix semivector 
space of refined labels over the semigroup S. Let W (CV) and 
P (c S) be subsets of V and S respectively, if P be a 
subsemigroup of S and W is a semigroup super matrix 
semivector space over the semigroup P of refined labels then we 
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define W to be a subsemigroup of super matrix semivector 
subspace of V refined labels over the subsemigroup P of the 
semigroup S. If V has no subsemigroup super matrix 
semivector subspace then we define V to be a pseudo simple 
semigroup super matrix semivector space of refined labels over 
the semigroup S. 


Interested reader can supply examples of them. 
We can define linear transformation of semigroup super matrix 
semivector spaces of refined labels provided they are defined 
over the same semigroup. This task is let to the reader, however 


we give some examples of them. 


Example 5.67: Let 


es ag Be 
Ey, L,, L,. 
L, L, L, 
Vou es. Le Te Ta Thy eT Be Le Ty ), 
i. L,, L,, , , , . j 
L,, L,., L,, 
L,. L, L,. | 
rL, c., on L,, L,, oe = 
L,, L, Cy, Ly Lis L, 
L, L,, L, L, L, L, 
1 2 3 3 2 ! L, eL., s1<i <18 
Drains Oat  Gemens Crean Grea Oo R*U(0} 
L,, L,, L, L,, L,, L,, 
L, L,, L,, L,, L,, L, | 


be a semigroup super matrix semivector space of refined labels 


over the semigroup S =L este 
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(Es oils, Skee, « Ee, Bae, oe] 
Tog. | Tag. Wg i, | lis, 
Ga Tet Ty, Mae MM 2 igs, les 
1 (ORs veges Os ea re 
Tg, Win Tage ee) Ee, 
|p oea| 2 Oram Crermes Baym Oem Gry 
Te) kegs, ed | Le, age Tg ilies <1) oe. 


i: ae 
a 
La Tae | | ba giles! SIS 36 
Le Le. 
L,, L,, 


be a semigroup super matrix semivector space of refined labels 


over the same semigroup S = Loria)" 


Define T : V > W as follows: 


Oe Sm 
L,, Ty, Ly 
L, L, L,, 

T 7 8 9 = 
L,,, L,, L,, 
L,, L,., L,, 
L,, L,. L.,, | 
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By ly, ee EU, Se, eg. Ae jl 
i ayy ayy 13 a4 a45 a6 ayy L. 
D( (Tg em | SPE | Cre RR Oram A Eo )) = 

cas 

L,, L,, 

ee be, 

Le L,, 

i tie 


and 


It is easily verified T is a semigroup super matrix 
semivector space linear transformation of refined labels over the 
semigroup S. 
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Example 5.68: Let 


| rap va 
Te de 
Fae ee 
1a Sen Se 
ve |lbs ba Le, a ames | bg eas Omg Poa By a 
Ling Lay Lag | Ueay a Eas Play Lae La [Lag La Lan ) 
L,, Le L,, 
Tes ty ey 
Ege te 


be 
tC 
i 
8 
__— 


2 
8 
2 
Q 
8 


tf 


i 
2 
a 
2 
a 
2 
oo 


a (ed ocx a 


2 
a 
2 
5 
2 
2 
a 


be a semigroup super matrix semivector space of refined labels 
over the semigroup S = Los ay Define a map T: V > V 


cal a5 a3 


2 
£ 
2 
a 
2 
a 


oad Feo 
i 
Pt 


ay a8 ag 
a9 ayy ayy L, L,, L,, L,, 
T 413 a4 ais L,, L,, L,, L,, 
L L L Tee Ie 
416 a7 alg a7 aig ay) a3 
L L L L 
ayo a9 ary Ads a7 29 439 


) 


rere ree 
eS le es 


Be Re eee 


An 23 24 
5 416 ay7 
L428 Ag9 439 | 
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L, Li, Ly L,. ey L, Ly Ei, L,. 
s Gina arieee fees) 
Mier, "Oi aie | 
Lee ty Be. 
Leg Te, la 
aes Ps 2 
a) ea Oe 
. Dy Lu, be 
Le iba <0 
i Ee ay 
L,, I. ay 
Oy, Ge =a: 
and i: : 
L, Ie, L,, L,, 
L,. Da. Le lin 
= Ls. ee em Ee. . 
Dg es, «lle 
Digs ligt Pe ides. gs Ty, (lil, lee || 0 


It is easily verified T is a semigroup super matrix 
semivector space linear operator on V. 


Now we proceed onto give examples of the notion of 


integer semigroup super matrix semivector space of refined 
labels. 
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Example 5.69: Let 


Et 


2 
rey 


lc ‘7 Sa 
t 
ay) 
io 
any 
A 
A 
ity 
w& 


be an integer group super matrix semivector space of refined 
labels over the semigroup S = Z* U {0}. 
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Example 5.70: Let 


Ty. “Ee 
Ly Bi. 
L, L,. 
Mig, ~veeoleg. ag: “SB |e, eet 
eran! Serve (0 Gere (yl Conia CN Ip aR Dy 
s Zoe mee 1) Ses aed Dera Coma 
ame! a) es See Sen be A Ea 
| Eran Pine 1 Sarl) Oeeianan CP fo em Be 
Lis. Ls, : : 
Tis, gs 
a oe 
Oe eae 
Pea ab re eens eae 5) 
Caan Eee 


be an integer semigroup super matrix semivector space of 
refined labels over the semigroup 3Z* U {0}. 


Substructures, linear transformation can be defined as in 
case of usual semigroup super matrix semivector spaces of 
refined labels. 


Now we proceed onto define the notion of group super matrix 
semivector spaces of refined labels over a group. 


DEFINITION 5.9: Let V be a semigroup super matrix semivector 
space of refined over the semigroup S = Loe ger L.. ) under 


multiplication. If S is a group under multiplication then we 
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define V to be a group super matrix semivector space of refined 
labels over the multiplication group Los or L,.« 


We will first illustrate this situation by some examples. 


Example 5.71: Let 


Ee 

Vent. |G | 
ie ee 

Frese ome om oe 


Co CaO a Ce Oe 
ON OPM cs ae ee (ea 
if te ee, es ae: 
Ge eee at ee ee 
Ty albe |Big allege es, Silage Gig 
Hee: He ee es a. Dil 
Dig. | ie big With le» “Uags. “i 
Ey ihs eg oe ba ierei eos} 


be a group super matrix semivector space of refined labels over 
the multiplicative group L ana 


Example 5.70: Let 


T 
= 


2 2 2 2 2 2 2 p 
oe a a a £ a o £ 


Pe ie Ue RE at i ee 


£ 


2 2 2 2 2 2 2 
cs a a a 5 B 8 


PS 


fe es Eee ee hes Eas 3 a otal: 


ag 
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flog. <M <M lig Mas, ae Mae ©, * cli | 
By Eig, Ei. Tee Ms lin Mes, We .01 Te 
Ee ae Wi Ni Gees Me, Ta Mam a 
Ee ag ae igs Bee oe ic. JS 
Bie, By Wie liye lg, aay “ie, * oe, 
Cae teat Cn Betas UUM OX OMNES COmaaT 


L,, € Ly. yo ih Sis 54} 


aj R 


be a group super matrix semivector space of refined labels over 
L,.. the group of positive refined labels. 


We can define as a matter of routine the substructures in them. 
Here we present them by some examples. 


Example 5.73: Let 


a ees 
| Bm) | oo Oe 
Vat (La, Le Lay Ley [Ley Leg Le, Leo, Ley [Law > 

L,, L,, L,, 1 2 3 4 5 6 7 * 7 z 
L,,, L,, Le 

L, |L,, || L, L,, |L,,/L,, L, 
1 5 3 4 5 i, é L . 1<i<l2 

L,, L,, L Ly. Lys L,, L,, : R™U{0} 


be a group super matrix semivector space of refined labels over 
the group G = Lo. : 


Now consider 
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Cc V is a group super matrix semivector subspace of refined 
labels over the group G = L. under multiplication. 


Example 5.72: Let 


ey 195 
Ls, 1) 
Veal Ey, Le, 
Es. ip 
L,, L,,, 
L, ay a; L,, L,. ey, L,, L,, 
L,, 410 ayy L,,, L,, L,, L,., L,., 
fe ra Em! Sree) ora (Oe Seal 
L,, L,, L,, L,, L,, L,, 
L,, L,, L,, L,,, L,, L,., L,, € L.. 10)? 
L,, L,, L,., L,,, L,, L,, [S121 
L,, L,, L,, L,, L,, L,,, 
L,, L,, L,., L,, L,,, L,,, 


be a group super matrix semivector space of refined labels over 
the group G= L or? Ly: group under multiplication. 
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Consider 


Eon L.,] 
L,, L,, 
Pre s{ ba, bay | La, € Lar yoyst SiS 10} CV, 
L,, L,, 
L,, L,, 
s Ly Jb, La |b, by La Jb [Ly ]/beeLeun'l oy 
L,, L,, L,, L,, L,, L,, L,. L,, 1<i<16 * 
and 
fe eal hme ergs Ora ages ea 
L,, L, L, L,, L,,, L,, 
L, |L, L,, bL, |L,, L, Lye Ldeae 
P; = 3 8 12 13 14 15 i U{0} (a V 
L,, L,, L,, L,,, L,,, L,., lars 2) 
L,, L,,, L,, L,,, L,, L,., 
L,, L,, L,., L,, L,,, L,, 


be group super matrix semivector subspaces of refined labels of 
V over the multiplicative group L.. 
We see 
3 
V=(JP>POP =oif i4j, 1 Sij <3, 
1 


i= 


thus V is a direct sum of group super matrix semivector 
subspaces of refined labels of V. 
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Example 5.75: Let 


ie Lg Ty ty 
Hg fee Tig: “Wig 2S | ll 
ve fe al ne Cee eR 
ae Oe Ol 
[ Leg ls i, Le, L,, 
To Te |e eae Abs 
| fs Oo bree Bo 
me Le Ty. Lis, L,,, 
Rie 
L,, L,, 
Le L,. 
L, L,, 
Ps, Ea, (Doe lees ee. ae Ne 
on ee 
Len 
re om 
L,,, Ee. 


L, € Lys. yoyst SiS 20} be a group super matrix semivector 
space of refined labels over the group G = L on L is Gisa 


multiplicative group. 


Consider 
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L,, L,, 


L,, L,, 


Laie 


Ls, Ly 
Hi= 4] Hb, 


a eas ap 
L, bL, by |b, 

ib ne ea | 
i Oe~ be 


H; = (L 


ay 


L, 0|0 0|0 


4 ay ag ag L,, 
Ea 
; L 


i 2, 
L,, L,, 
L,, L,, 

Hy= |] ba, La, eee 
Dee Deg: | Mir Tele she) OE) eae 
L,, L,, ia 
lg 
led, 
a oe 


and 
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L, L,, 


L, L,, 


L,. 


Hs= {(L, 


V be group super matrix semivector subspaces of refined labels 
of V over the group L or 


We see = HOH; = Oif 14#j, 1 <1,j <5. Further V= 


L JJL.eL ; 1<i<7} Cc 
ay aj R*U{0} 


5 

JH, ; thus V is the pseudo direct union of group super matrix 
i=l 
semivector subspaces of refined labels over the group L en G. 


We can define group super matrix semivector spaces V and 
W of refined labels linear transformations provided V and W 
are defined over the same group G. We can also define 
subgroup super matrix semivector subspace of refined labels of 
V over the subgroup of G. 


We will illustrate this situation by some examples. 


Example 5.76: Let 
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be a group super row semivector space of refined labels over the 
group G= L,, under multiplication. 


Consider 


L,, ey 
We Ee ID, (L,, b. 


L 


a3 


L,, ) 


ie Oe oe | Oa Bam 


L, eis, sisiso} c V; consider H = L,. Cc Exe =G, L 


{0 ou 


= H is a subgroup of G under multiplication. 


We see W is a group super matrix semivector space of refined 
labels over the group H, thus W is a subgroup super matrix 
semivector subspace of refined labels over the subgroup H of 
the group G. 

If G has no proper subgroups then we define V to be a 
pseudo simple group vector space of refined labels over G. 


Likewise if V the group super matrix semivector space of 
refined labels over the group G has a subspace S which is over a 
semigroup H c G we call S a pseudo semigroup super matrix 
semivector subspace of V over the semigroup H of the group G. 


We will just illustrate this situation by some examples. 
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Example 5.77: Let 


L, 
Ly 
Ly, 
Ee 
L,. 
Vee ee eh a, ee), 
[.. 
L,, 
Ds 
Le. 
| L,, L,, Is. oa L,. Lg L,,, | 
L, L,, L,, L,, Le. Le Ie 
L,. L,. Le. Le. L,, Ee om L,, € Las ot $1 S35 
Lb, JLa, |b, La, La, | La, 
ss Dos, L,,, De Tees Lx. oe 


be a group super matrix semivector space of refined labels over 
the group G= L = under multiplication. 
Take 

P = (Ce, | L, L,, | L L 5 
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ile 


2 
w 


Gt EY 
7 
mm 
C 


be a pseudo semigroup super matrix semivector subspace of 
refined labels of V over the semigroup 


salty 


under multiplication. 


n = 01,2) es Ly 


It is interesting to note that this V has infinitely many pseudo 
semigroup super matrix semivector subspaces of refined labels. 


The following theorem guarantees the existence of pseudo 
semigroup super matrix semivector subspaces of refined labels. 
Recall a group G is said to be a Smarandache definite group 
if it has a proper subset H c G such that H is the semigroup 
under the operations of G. We see Lo. and ea are 


Smarandache definite groups as they have infinite number of 
semigroups under multiplications. 


THEOREM 5.1: Let V be a group super matrix semivector space 
of refined labels over the group G = Lo (or L,.). V has 


infinitely many pseudo semigroup super matrix semivector 
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subspaces of refined labels of V over subsemigroups H under 
multiplication of the group G = Lo (or L,. ). 


Interested reader can derive several related results. However we 
can define pseudo set super matrix semivector subspace of 
refined labels of a group super matrix semivector space of 
refined labels over the multiplicative group L oe and L,. 


We will only illustrate this situation by an example or two. 


Example 5.78: Let 


Ls Ls ee 
beet Ereemm Ore 
L, ag ay 
L, Lig, Iuy, ay L,. i Ls L,, 
L,, dig aii I, Ly, Es, bes aig 
L, ay a; ay ag ag ay ag 
Fle ellie. SS ea. lage Tae i] 
a fh Ene © (a Ey Bam ae 
Ta We = dete ale oles 2° oe 
ce it. t L. tis L.. L @ Lis opt $1516 
Dg lee, « Lael dee -. Ln, 2 ay, 
L, L,. L,, L,,, L,, L,., 


be a group super matrix semivector space of refined labels over 
the multiplicative group G = L és 


n= Oh2,fe L 
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Consider 


Px {Ly ULy 


P is only a subset of L ot =G. 


Take 
| Pr  Seme © are m2 08 Beran Oe Ore 
M=;/L,, |L,, L,, |.) L,, }0 O/L,, |O}L,, L.,, |0 
Pee ge Ege Wn 0) 102) Tee O07 Oe Oe AO 


2 Te 12802 TAS | SY, 


aj RtUf 
M is a set super matrix semivector space of refined labels 
over the set P c G. Thus M is a pseudo set super matrix 
semivector space of refined labels of V over the set P of the 
multiplicative group G. 


This pseudo set super matrix semivector space of refined 
labels can also be defined in case of semigroup super matrix 


semivector space of refined labels over the semigroup L ae 


or L., : 
R*U{0} 


The task of studying this notion and giving examples to this 
effect is left as an exercise to the reader. 
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Chapter Six 


APPLICATION OF ALGEBRAIC 
STRUCTURES USING SUPER 
MATRICES OF REFINED LABELS 


Applications of super matrix vector spaces of refined labels 
and super matrix semivector space of refined labels is at a very 
dormant state, as only in this book such concepts have been 
defined and described. The study of refined labels is very 
recent. The introduction of super matrix vector spaces of 
refined labels (ordinary labels) are very new. Certainly these 
new notions will find applications in the super fuzzy models, 
qualitative belief function models and other places were super 


matrix model can be adopted. 
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Since DSm are applied in several fields the interested 
researcher can find application in appropriate models where 
DSm finds its applications. When one needs the bulk work to 
save time super matrix of refined labels can be used for 
information retrieval, fusion and management. 

Further as the study is very new the applications of these 


structures will be developed by researches in due course of time. 
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Chapter Seven 


SUGGESTED PROBLEMS 


In this chapter we have suggested over hundred problems some 
of which are open research problems, some of the problems are 
simple, mainly given to the reader for the better understanding 
of the definitions and results about the algebraic structure of the 
refined labels. We suggest problems which are both innovative 
and interesting. 


1. Obtain some interesting properties about DSm super row 
vector space of refined labels over Lg. 


2. Obtain some interesting properties about DSm_ super 
column vector space of refined labels over Lp. 


3. Find differences between the DSm super vector spaces of 
refined labels defined over Lr and La. 
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Let V be a super row vector space given by; 


L, |L, Lb, | L 


ay a4 a7 bel) 


WSs |Top. Tey. igs, | re e219 


ay as ag ay 


Pee elt ede Ws 


43 ae ag ay 


a) Finda basis of V over Lp. 
b) What is the dimension of V over Lr? 
c) Give a subset of V which is linearly dependent. 


Ca | (ene ame! 


a a3 


L L,,) |b, eLailsis5} be 


aq 


a super row vector space of refined labels over the field Lr. 
a) Find a non invertible linear operator on V. 

b) Find an invertible linear operator on V. 

c) Find the algebraic structure enjoyed by L,, (V,V). 


d) Does T: V > V be such that ker T is a hyper subspace 
of V? 


Let V = Leb ;1<i<8;be a super column 


2 
a 


vector space of refined labels over Lr. 


Study questions (a) to (d) described in problem (5). 
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7. Obtain some interesting properties about super row matrix 
vector spaces of refined labels. 


Let V = 


ce a 


Ee ey ub 


L,, € Lys1Si<il 


vector space of refined labels over Lr. 
a) Write V as a direct sum of super column vector 
subspaces of V over Lr. 
b) Write V as a pseudo direct sum of super column vector 
subspaces of V over Lr. 
c) Define a linear operator on V which is a projection. 
d) Find dimension of V over Lr. 

e) Finda basis of V over Lp. 
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be a super column 


8. Let 


i 
i 

ay Lay ||L,, €Lys1Sis35 
L 
I: 
ie 


be a super matrix vector space of refined labels over the 
field Lp. 


a) 


b) 
ro) 


d) 


e) 


g) 


5 

Find subspaces W; in V so that V = Uw, is a direct 
i=l 

sum. 

Find a basis for V over Lp. 

Find dimension of V over Lr. 


Suppose M = 


In 


O Las |b Lede1s15 


W be a super matrix vector subspace of V over Lr find 
T:W -- W such that T (W) c W. 

Is T invertible? 

Find a non invertible T on W. 

Write V as a pseudo direct sum. 
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10. 


11. 


L, Be. Legs L,, 
Ly. Le L, L,, 

Let P = i ae mlb on L, €Lg;1Sisl6;bea 
| amb Cre Omen ie 


aig als 416 


super matrix vector space of refined labels over Lr. 

a) Find a basis for P over Lp. 

b) If Lp is replaced by Lg what will be the dimension of P? 

c) Write P as a pseudo direct sum of super vector 
subspaces of refined labels over Lp. 


Le L,, Ee be 
L,. L,. L, L,. 
LetM=4/L,, Lb, ba, | La, ||L, €Lyslsis<20} be 
Lis Oy, ee Lg 
Te, o- Bes An9 


a super matrix vector space over the refined labeled field 
Le. 
a) Prove M is infinite dimensional over Lg. 

b) Write M as a direct union of super matrix vector spaces. 
c) Find S = L,, (M,M); what is the algebraic structure 


enjoyed by S. 


Let V=a{L, L,, | L,, | |b, €Laslsis9; be a super 


matrix vector space over Le of refined labels. 


251 


L, Li 
Es Li, 
L, L,, 
M= ,{L, L,, |/L,, ¢Lyslsisil4; be a super matrix 
Digs «Dg. 
Tiss legs 
L,, L,, 


vector space of refined labels over Lr. 


a) 


b) 


c) 


d) 


e) 


g) 


Define a T : V ~ M so that ker T is a nontrivial 
subspace of V. 


0 0/0 
Define p: VM such thatkerp=/|0 0/0 
0 01/0 


Find the algebraic structure enjoyed by S 
=Hom,, (V,M)= L,, (V,M). 


What is the dimension of M over Lr? 


Find 7 : M > V so that ker yn # 


Find B = Hom, (M,V)= L,, (M,V). 
Compare B and S. 
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12. 


13. 


14. 


Let 


L,, L,, L,, L,, L,. 
L,, L,, L,, L,, L,, 
L, L, % Lb, Lb, L, 
GS) i | le C20 
L,. Lg. Ly. L,, Le ; 
L,,, L,., L,., L,,, L,., 
L,, L,,, L,., L,,, L,., 


be a super matrix vector space over Lr. 


a) Let 
GCM. JG. 
0 0 
fee ee. 5 6 
P= ~__*_* L, eL,;3lsisll> c 
Tm ame (6 ea Oe I 
0. 0 Git. Me 
0 0 0 L,, ay 


M. Find T:M—M so that T (P) CP. 
find 7 : M > M such that y (P) <P. 


Ty Ly, 
L, L 


a6 ag 


L 


L, a 
b) Let V = L, €Ly:l<i<8} be 


a super row vector, vector space of refined labels over 
Le. 

1) Define a linear function f : V > Lr. 

ii) Is ker f a super hyper space? 


Obtain some interesting results on super matrix vector space 
of refined labels over Lp. 


Let V = Lp be a vector space (linear algebra) over Lo. 
Prove dimension of V is infinite over Lg. 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


Prove V = Le is finite dimensional over Lp. 


Let V= yj Lb, L,, |b, |] L, ebeslsis9;- be a super 


matrix vector space of refined labels over Lr. Prove V is 
not a super matrix linear algebra of refined labels over Lr. 


Prove a super matrix vector space of refined labels over Lp 
can never be a super matrix linear algebra of refined labels 
over Lp. 


LeMS A(ly ay Ly [Le L,,) |L,, Lal sis} be 


a super row vector space of refined labels over Le. How 
many such super row vector spaces of refined labels can be 


constructed using 1 X 5 super row vectors by varying the 
partitionon(L, L,, Lb, L,, L,,)? 


ay a3 a4 


Prove those classical theorems which can be adopted on 
super matrix vector space of refined labels. 


Let 
L,, L,, L,, L,, L,,, 
L, L, i L, L, 
V= : ° ’ : * heh, 318i 20 
L, L, L, JL, Lb, : et 
L,., L,., L,., L,,, 420 
be a super row vector semivector space of refined labels 


over Ls ie 


a) Find a basis for V over Livy a: 
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b) 


Find a set of linearly independent elements of V which 


is nota basisof VoverL., .. 
Rt U{0} 


c) Find a linearly dependent subset of V over the semifield 
RtU{0}* 
d) Prove V_ has linearly independent subsets whose 
cardinality is greater than that of the basis. 
[ Es L,, L,. Le. | 
Le L,, L,, L,, 
L,, L,, L,, L,., 
L, L, L, L, 
21. Let V= ° " = "VIL eL,  :1<i<32 
L, L, Lk, L, ; Bed) 
L,,, L,, L,., L,, 
L,., L,.,, L,,, L,.,, 
Ang L,,, L,, L,,, 


be super column vector, semivector space of refined labels 


over the semifield Ie, 


a) 


b) 


c) 


d) 
€) 


f) 


U{0}* 
Find two super column vector semivector subspaces of 


V which has zero intersection over Le, (one 


Write V as a direct sum of super column vector 


semivector subspaces over L,...,) - 


Write V as a pseudo direct sum of super column vector 


semivector subspaces over L,, .. 
R*U(0} 


Find a T : V > W which has a non trivial kernel. 

Find a n : V > V so that the 7 is an invertible linear 
transformation on V. 

Can n : V > V be one to one yet 1’ cannot exist? 
Justify. 
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2 


Poe 


2 
icy 


2 2 
a £ 


2 
a 


ee ee 


22. Let V= a ;1<1<13>? bea super column 


$ 

= 
re) 
& 


to 


I 


2 


2 


a 


2 
8 


semivector space of refined labels over Ly Grays 


a) Finda basis of V over L Sen 


b) Can V have more than one basis? 


c) Find dimension of V over L enum 


d) Write V as a pseudo direct sum of super column 


semivector subspaces over L otuint 
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e) Suppose W = 4| L, L,eéL ;l<is7- CVbea 


super column semivector subspace of V of refined 
labels over L ores 
i) FindaT:V— Vsuch that T (W) CW. 
ii) Find T; : V — V such that T, (W) ¢ W. 
f) Find a subset of V with more than 14 elements which is 


a linearly independent subset of VoverL.. . 
Qt Ufo} 


[ L, L,, L,, L,, | 
ee ae oo En 
Le L, D L,, 
23. Let V = te, ie he on L,, € Lye yo st Sis 24 
Ley, thy ie, te. 
fe ee ee de 


be a super matrix semivector space of refined labels over 


Lo. U{0}* 
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24. 


a) Is V finite dimensional over Leong ? 


b) Can V have finite linearly independent subset? 
c) Can V have finite linearly dependent subsets? 
d) Find Hom, (V,V) =S. 

QUO} 


e) What is the algebraic structure enjoyed by S? 

f) Is S a finite set? 

g) Give two maps T: V > V and P: V > V so that TP = 
PT. 

hh) Pind Tp Vo Be ap' 


i) FK={flf: VoL 


K? 
j) Does K have any nice algebraic structure on it? 


Se Sagi }, what is the cardinality of 


Let 
L, |L, | La, | La, Ls, 
Ly Ly L,, L,, Le 
V= Be dla ee Ne Se, L,, € Loot Si $20 
L, | L., | La, La, La,, 
be a super matrix semivector space of refined labels over 
Les te } and 
[ ay L,, L,. | 
L,, L.: Big 
L,, L,, L,, 
W= L,eL,. .3lSis27 


PS 


les aT ool Oe co 
Pe ae 
ee ee | ete. es 
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be a super column vector semivector space of refined labels 


29. 


26. 


over Lor uyoy" 


a) Define T : V > W such that T is an invertible linear 
transformation on V. 

b) Prove W is an infinite dimensional space. 

c) If 1: V— W does n enjoy any special property related 
with dimensions of V and W? 

d) Can P : V > W such that ker P is different from the 
zero space? 

e) What is the algebraic structure enjoyed by 
Hom, (V,W)? 

{0} 


atu 


Let V be a super row vector space of refined labels over Lg; 


where V={(L, L,, | Ly 4 | Uy) Egelgtsical: 


a) Find Hom, (V,V). 
b) Is Hom, (V,V)a super row vector space? 
c) Is Hom, (V,V)just a vector space of refined labels? 


Justify your claim. 


Let 
| L,, L,, L,, L,, | 
Ly. Te. Ie i. oe 
Vea sbi, ba, | La, La, La, | JL, €Leilsis25 
Cone © me] Oram Sem? ee 
De cls! ae Sale 


be a super matrix vector space of refined labels over the 
refined field Lo. 
a) What is the dimension of V over Lg? 
b) Does V have super matrix row vector subspace over 
Lg? 
c) Find a set linearly dependent elements in V over Lo. 
d) Find the algebraic structure enjoyed by L, (V.V)= 


Hom, (V,V). 
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27. Let V = 


28. 


Ly La, Dy L,, 

L,, L,, L,, L,, 

L,, Toys Tey: L,, 

a oar oe oe 

Le Va. Tay, Te) Ege ig SiS 36+ be 
Orie Oana Can Ore | 

b.. oS... ©, 

bs Ue: a. ie 

oe Cerne Oem 


a super matrix vector space of refined labels over Lr. 


a) 


b) 
) 
d) 
e) 
f) 
g) 


h) 


Find a super matrix vector subspace W of V dimension 
19 of refined labels over Lp. 

Find T : V > V so that T (W) c W. 

Find P : V > V so that P (W) ¢ W. 

Compare the super linear operators P and T of V. 

What is ker T? 

Find ker P and compare it with ker T. 

Find a super matrix vector subspace of dim 5 of V of 
refined labels over Lp. 

Write V as a pseudo direct sum of super matrix vector 
subspaces. 


ied pas | as Oe Oe 
Tg Ee et Mg Me Me Meigs 

” | ae OO CA Ci OV rae 
L,, L,. L, Ie. L,, any 


be a super matrix vector space of refined labels over Lo. 


a) 
b) 


Find dimension of V over Lo. 
Find Hom, (V,V). 
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29. 


6 
c) Write V = Uw, so that V is a direct union of super 
i=l 
matrix vector subspaces of V over Lo. 


6 
d) Write V =Uw, so that V is the pseudo direct union of 
i=l 


super matrix vector subspaces of V. 


Let M = L, L i L L,. L, €L,;1Sis9 


be a super matrix vector space of refined labels over Lp. 

a) Find dimension of V over Lr. 

b) Is dim V over R less than 25? 

c) Can V have a super matrix vector subspaces of refined 
labels of dimension 9 over Lr? 

d) Find the dimension of the super matrix vector subspace 


IL |o o|]0 oO] 


ay 


O).Ey 8) 0: 0 

P=3) 0 |L, L, | 0 0 JIL, .L,.L,,.L,,¢Le po V 
Oe) 208 Oy den Te, 
Or} .O 0 [de LL 


e) Finda linear operator T on V such that T (P) CP. 
f) LetM= 


0: leg, lle | 

Eesi0= fOr. =e. 

Bag 08: Olle, ae | is DT STs To See 
L, | 0 0 | 

Eee: WO | 
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c V, be a super matrix vector space of refined labels 
over Le of V. 
Find dimension of M over Le. 

g) FindT: V4 VsoT (M) ¢M. 


2 

a 
2 

£ 


2 
2 

rey 
2 

£ 


2 
2 

wo 
2 

£ 


2 
2 
v 
2 
Dey 
2 
£ 


30. Let V = L, € Lal sis 


2 
2 

rey 
2 

£ 


2 

7 
2 

£ 


2 

. 
2 

£ 


Ge ote] te be ee al ott 
Ce te ie te) Ya ce 
PE te se ite) ee eet 
; Ee ttt ee ee oa a 
apa me VL al rz an Uc ad Uo 


be a super matrix vector space of refined labels over Lr. 
a) What is dimension of V over Lp? 
b) Is V of dimension 45 over La? Justify your answer. 


c) Define T: V > V so that ker T = 


d) Find P, and P, two distinct linear operators of V so that 
P,P, = P, P; = Identity operator on V. 


31. Give some interesting applications of super matrix vector 
spaces of refined labels over Lr or La. 
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32. Prove we cannot in general construct super matrix linear 
algebras of refined labels defined over Lr or Lo. 


33. Obtain some interesting properties enjoyed by integer set 
super matrix semivector space of refined labels defined over 
the set S = 3Z* U5Z" u {0}. 


34. Obtain some interesting properties by group super matrix 
semivector spaces of refined labels defined over L,. or 


| eee 


R 
35. Let V= 
a L, = 
L,, 
L, - = 
L, L, L, 
L,, 1 2 3. 
L, L, L, 
L,. 4 5 6 
L L, L,, L,, L, ‘ay ‘a3 ‘a4 ‘a5 ‘a6 L, L,. 
- L, L, L, L, a ‘a ‘a ‘a ‘a L, L, 
L, 10 1 12 9 10 1 12 B 14 15 16 
; L, L, L, 
L,, 13 14 15 
L L, L, 
L,, L 16 17 18 
L,, 
L,, 


L, €L,. .;1<i<18} be a integer super matrix semivector 
i R*U{0} 


space of refined labels over 3Z* U 5Z* U {0} =S. 
a) Find a basis of V over S. 
b) Find integer super matrix semivector subspace of V of 
refined labels. 


3 
c) Write V= Uw, as a direct sum. 


i=l 
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36. 


3: 


Let V = 

Te et, a | et td gs as 
bs L,. ay |? I, as ag |?| “ay L,. L, 
L, L,, a9 EN ag a9 


L,, € Lgl Sis9 


be a set super matrix vector space of refined labels over 


the set S = Lisised 


a) Find subspaces of V. 
b) Write V as a pseudo direct sum of subspaces. 


} es Le turh) : 


Let V = 


2 
a 


2 
~ 


ques : . 
L, elie, opt Si <o} be a group super matrix semivector 


space of refined labels over L,. the multiplicative group. 


a) Find V= Uw, as a pseudo direct sum. 
i=l 
b) Find subgroup super matrix semivector subspace of V 
of refined labels over ee F 
c) Find pseudo semigroup super matrix semivector 


subspaces of V of refined labels over L,. . 
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d) Find pseudo set super matrix semivector subspace of V 
of refined labels over L,. : 
38. Let V= 
gee 
L, L, 
L,, L,, 
L, L,, L, |L, 
Te kg, L,, | L,, 
magma |e |e 
L, L,, é L,, 
L,, L,. 
L,. L,. 
‘a7 L,, 


eee . ; . 
ele. ieee Sis of be a semigroup super matrix semivector 


space of refined labels over the semigroup S = L er under 
addition. 
a) Write V = Uw, as a pseudo direct sum of subspaces. 
b) Find two pseudo set super matrix semivector subspaces 
of refined labels of V over S. 
c) Find T: V > V with non trivial kernel. 
d) FindP:V— Vso that P” exists. 
e) IfK= L,¢€ Loot SiS 2 c V; find 


dimension of K over L., .. 
Q*U(0} 
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39. Obtain some nice applications of semigroup super matrix 
semivector space of refined labels over the semigroup 


ee under addition. 

[ L, L,, L., Ley, | 

Ly. L,, L,, L,, 

am |5 eae a 

40. Let V = 4{ ba, | ba, bas | ba, ||L, € Lysl Sis 28> be 

L,, L,, L,, L,. | 

Bf | Leas Lege | iy 

Ey ites. arg 


a super matrix vector space of refined labels over Lr. 

a) Find dimension of V over Lr. 

b) Find subspaces of dimensions 5, 7 and 20. 

c) Write V=W,® ... ® W, where W;’s are subspaces of V. 

d) Find T : V > V so that T is an idempotent operator on 
V. 

e) FindT:V-— Vso that T" exists. 


41. Let 
7 
om 
Le | L,, L,, ee L,, | 
be oN L,. Li Dy 
7 F | tt We Ee I, Leis 
L,, |L,, eal eee tere ne 1<i<l9 
Deed lee gee) 
L, |] . 
om 


be a set super matrix vector space of refined labels over the set 


266 


42. 


43. 


44. 


45. 


S=4L, UL, né0,1,2,...,007 CL. 
Poni agy SULl0} 
3 
a) Write V = | |W, asa direct sum of subspaces. 


i 
i=l 


5 
b) Write V = Lw, as a pseudo direct sum of subspaces? 
i=l 
c) Find two disjoint subspaces W; and W, and find two 
linear operators T; and T, so that T; (W,) C W; and 
To (W2) cS W>. 
d) Find a subset super matrix vector subspace of refined 
labels of V. 


Write down any special feature enjoyed by the super matrix 


semivector space of refined labels over Ley; aoe L ee 


ULO}* 
Can we have finite super matrix semivector space of refined 


labels over the semifield L or L,. ? Justify your 


R*U{0} Uf{0} 


claim. 


Is it possible to construct set super matrix semivector space 
of refined labels over L hci of finite order? 


Tog. |Top: “Eee Hes JE 
be Wie Oe as ae 

LetP=5/b,, | Lb, La, | La, |[L, €Lyslsis5} be 
Le. | “Ta be iE 
Ie ||, ie ee [oe 


a super matrix vector space of refined labels over the field 

Le. 

a) Find dimension of P over Lp. 

b) Write P = U W;, Wi, subspaces as a direct sum. 

c) Can P have ten dimensional super matrix vector 
subspace of refined labels over Lr? Justify your answer. 
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46. 


47. 


48. 


d) Define T : P > P so that T? = T. 


e) FindS :P > P so that S* = (0). 
f) Find hyper subspaces of refined labels in P over Lr. 


Obtain some interesting properties about L, (V,L,) where 


V is a super matrix vector space of refined labels over Lr. 


Let V = L, €La;1Si<8;/be a 


super matrix vector space of refined labels over Lg. Define 
f : V > Lg so that f is a linear functional on V. Suppose v,, 
..., Ve are some six linearly independent elements of V; 
find f (v;); i= 1, ..., 6. Study the set {f (v1) ,..., f (ve)} Cc 
Lr. What is the algebraic structure enjoyed by 
L,, (V,L,) ? How many hyper subspaces exist in case of 


v? 


2 


2 
Ny 


Let V = 


2 
rey 


Fy) Er 


L 
L 
L Li La 1<i<4> be 
L 


2 
£ 
2 
PS 
2 
rey 


a integer super matrix semivector space of refined labels 

over Z* U {0}. 

a) Find a linear operator T on V which is non invertible. 

b) Write V as a direct sum of semivector subspaces of 
refined labels over Z* U {0}. 
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49. Let M = 


50. 


[ L,, Is, L,. | 

L, Lb, L,, 

L, L,, L, 

Dy. L,, L,, 

Be oleos SL 

ihe te ae ee 
a Eg. L,., 

oe Ls L,,, 

L,.. a L,, 

L,., L, L,,, 


super matrix semivector space of refined labels over the 
semifield L 


a) 


Q*U{0} * 


Find the dimension of M over L Seog 


b) Write M as a pseudo direct sum of semivector 
subspaces of refined labels over L eecrie 
c) Write M = Uw, as a pseudo direct sum of super 
matrix acnivectr subspaces of refined labels over 
Lo toy" 
d) Show in M we can have more number of linearly 
independent elements than the cardinality of the basis of 
M over Lescceéy 
Bes Le Te Ts 
a> 0 Ly as 
Let V= 0; O L, |) 0 JIL, eLaslsislly bea 
ee eee alle eae 
Uae ee re ek 


super matrix vector space over Lp. 
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51. 


52. 


a) Find dimension of V over Lr. 

b) Write U W; = V as a pseudo direct sum of subspaces. 

c) Is the number of subspaces of V over Lg finite or 
infinite? 

d) Give a linearly dependent subset of order 10. 


Les: [ili tele, de 
L,/o0 oO L, 

Let V = : L._eL., :1<i<7} be 
He | Oi ee, Dee 
Le. Lig, 0 0 


a group super matrix semivector space of refined labels over 

multiplicative group G = L,.. 

a) What is the dimension of V over G? 

b) Prove there exist infinite number of pseudo set super 
matrix semivector subspaces of V over Lr. 

c) Prove there exists infinite number of pseudo semigroup 
super matrix semivector subspaces of V over Lr. 

d) Prove V is not a simple group super matrix semivector 
space over Lp. 


if 
e) Write V= Uw, as direct sum of subspaces of V. 
i=l 
6 
f) Write V=| }W, as pseudo direct sum of subspaces of V 


i 
i=l 


a a a a a, a a a 
1 4 7 10 13 16 19 22 5 
LéLg 


a as ag ayy a4 a7 420 493 1 < i < 94 


be a super row vector space over Le of refined labels. 
a) What is the dimension of V? 
b) Find Hom,, (V,V). 


c) FindT:V— Vso that T’=T. 
d) Find T,;: V— Vso that T/ = (0). 
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Ly, L, |] L,, || L,, 
Doe | Lege. | | Bee || egy 
Ly, | | ba |] a, | | ba, 
53. Let P = = ; L,. : Ee : ise Ly, € Lascyo)3t S136 
tess A is 
i L, || L,, | | L,, 
be a set super matrix semivector space of refined labels over 
the set S = Baas " WL iio) UL,,. 


a) Find subspaces of P. 
b) What is dimension of P over S? 


4 

c) Express P = Up, as a direct sum of subspaces of V. 
i=l 

d) Define T: P > P with T.T =T. 

e) Define T;:P —P so that T," exists. 


Or sO2 L. | Ts cles 
Se hele? 1400 |e. 1 a 
L, ; 1 4 5 
eee ee ||) 0°. 1. 
L, me 4 6 
Pec Te HTS.» ° 20 


L, €L,. Isiso} be a integer set super matrix semivector 
i R*U{0} 


space of refined labels over the set of integers S = 3Z” U {0} U 
2Z*. Suppose 


w={[L, L, L 


a 


Hg, deg thee alk 


T, Eee Te, 
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55. 


be an integer set super matrix semivector space of refined 

labels over the set S = 3Z* U 2Z* u {0}. 

a) Find a linear transformation T from V into W so that T” 
exists. 

b) Find the algebraic structure enjoyed by Homs (V, W). 

c) Find T, and T> two linear transformation from V into V 
such that T, . T, is an idempotent linear transformation. 

d) Find two linear transformation L; and L, from W into 
W so that L,; .Lo=L, . Ly but L; . L,=L, 7 L, 41. 


Let 
; L, Ts L. Lis, L,. | 
L,. ie oy L,, L,., 
LL, gs L,, L,, L,. 
es Toe L,., L,, L,,, 
M = Di | te lege, Dey. lag L,€ Loco)? eet 
Li | la, Lay Lay | bay || 1<i<50 
Li ie L,,, L,.,, Log 
L,. Ls. L,. L,, Ley. 
om L,,, Woe. L,., Le, 
Ee L,,, Ly L,,, L,,, 


super matrix vector space of refined labels over L., 
Q*U{O} 


a) Write M = Uw, ; W; super matrix vector subspaces of 


refined labels over Lo. ' of M as a direct sum. 


ufo 
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56. 


57. 


58. 


59. 


a L,, ID L,, L,. 
0/0 0 0] 0 
L,. Lb. les. Lig. aig 
b) Let W = © Ibs € Lora = 
0 1<i<20 
0 


M be a super matrix vector subspace of M of refined 


labels over L efi 


Find T: M > M so that T (W) c W. 
c) What is dimension of W? 
d) Find T,, T,:M—M so that (T; . T2) (W) c W. 


Obtain some special properties enjoyed by set super matrix 
vector space of ordinary labels over a suitable set. 


Peeves be, ete. We IL,, € Lal Si <5} be 
a super row matrix vector space of refined labels over Lr. 


Will V = Lr X Lr X Lr X Lp X Lp? 
Justify your answer. 


How many super row matrices of dimension seven can be 
built using the row matrix 


(L, L,, L,, L,, L,, L,, L,,) of refined labels? 


Prove or disprove that if V is a super matrix vector space of 
dimension n of refined labels defined over Leg then V is 
isomorphic with all super matrix vector space of dimension 
n of refined labels defined over Lp. 
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E L, iy. L,. | 
L,, ie Te, 
60. Let V= 4] L,, | La, | Li, L, €L,;1sis15> bea super 
Da | Pa | dee, 
L,, | L,,, | L.,, 


matrix vector space of refined labels defined over Lr. W = 


L, | L L L L 


Bie! Big Tg | Lee |e Lei S15 > bea 
L,, L,, L,., L,., L,, 


super matrix vector space of refined labels defined over Lr. 
Is W=V? 


61. Let 


ee 
L, 
: L, L, L,, L, L, L, 
L, LE Le 1 5 9 13 17 21 
: : L, L, Ly L, Ls L, 
V= Te , 1. i. : 4 6 10 14 18 2. 
: j 4 Le; L, L, Le L,. L. 
L, io io <i a af 15 19 rg] 
- ° : L, Li Ee L, L, L, 
L,. 4 8 12 16 20 24 
ie 
L,, Ly. yt sis 24} 
aj R*U{0} 
and 
L. L, L, 
Weeaiie yor ce (bp! toe lee Wee Tes he 
E L,. L,. 1 2 3 4 5 6 7 
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L L L L 
a7 ag cr) 10 ay aya 
L,é i1<24 
L L L L L a, R* U0}? 
443 a4 15 16 a7 arg 
L,,, L,,, L,., L,., L,., L,,, 


be a group super matrix semivector space of refined labels 

over the multiplicative group G = L,. . 

a) Is V=W? 

b) Find dimension V. 

c) FindT:V— Wso that T” exists. 

d) Find T;: V—W so that T;.T, = Th. 

e) Find pseudo set super matrix semivector subspaces M 
and P of V and W respectively over the set B = 
Ly, aes Cc or such that M = P. 


f) Define f : V > W so that f (M) = P. 


62. Let 

L, Ls ay a ay ay a, a, 

V= les em ayy ayy ay |? 2 
wy Ly, a3 Ee, Lay 

ee L, L,, | 

Le L,. LE. 

jee Stamens Soe hs are | eae Feel Be 

L, L, L, L, L, L, L, 

Le te c TL, L,. L, i Leb gst Sis 24 

ry ee, Weg ee || Eee Ae, ee 

Ge te 

L,,, L,,, L,,, 


be a semigroup super matrix semivector space of refined 


labels over the semigroup L,,.. Ay under addition. 
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63. 


64. 


65. 


a) Find dimension V. 

b) FindT:V—Vsothat T. T=T. 

c) Find P: V > Vso that P’ = 0. 

d) Find M: V = V so that ker M is a semigroup super 
matrix semivector subspace of V of refined labels over 
the additive semigroup L,,, | ee 

e) Find subsemigroup super matrix semivector subspace of 
refined labels of V. 

f) Find pseudo set super matrix semivector subspaces of V 
of refined labels over subsets of the additive 
semigroup L,,. jee 

Give an example of a group super matrix semivector space 

of refined labels which is simple. 


Obtain some interesting properties about group super square 


matrix semivector space of refined labels over the 
multiplicative group L. ; 


Let V= {(L. ay Ee, 


Le. ) 


L, €L,3l <i<1o} be a super row matrix vector space of 


i oom 


L,, L,, 


refined labels over Lp. 
a) Find for f: V > Lp, a linear functional defined by 


Bh, oh Tees ee Be Te ie, aa 

= Ws Basch ten the ker f. 

b) Find L,, (V,L,). 

c) What is dimension of L, (V,L,)? 

d) What is the algebraic structure enjoyed by L,, (V,L,)? 

e) What is the dimension of V over Lp? 

f) Find Hom,, (V,V). 

g) What is the algebraic structure enjoyed by 
Hom, (V,V)? 


ag 
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66. Find some interesting properties enjoyed by L,, (V,L,) = 


{f : V — Lp} where V is a super matrix vector space of 
refined labels defined over Lr. 


67. Find the algebraic structure enjoyed by Hs (V,V) where V is 
a set super matrix semivector space of refined labels defined 


over the set S = Las uyoy" 


a L, a 
68. Let V= : - * ||L,, €LaslSisl6; bea 


QO | Ey Db Lh 


L, €L,; 
Ie: 0 L, ; 
W= : : . 1<i<7; 
Le | L,. 0 bs 
3 5 7 L_,, = -L, 


be a super matrix vector space of refined labels over Lp. 
a) IsV=W? 

b) Find dim W over Lr. 

c) Find dim V over Lp. 

d) Study Hom, , (V,W) and Hom, , (W,V). 

e) FindT:V—>Wsothat T.T=T. 

f) Find T,: V— W s0 that T,' exists. 
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L, Lge 
Ey Ly, 
Oe Oo : 
: : by L, L, L, 
L, L, 1 2 5 4 
, ; L, E. L, L 
Te. Lig 5 6 7 8 
69. Let V = sia 8 Ore (a Brg rere brea 
L, L, - 10 1 12 
1 12 L, Es L, L, 
L, L, 13 14 15 16 
e L, L, L, L, 
L,, L,, L 17 18 19 20 
L,,, L,, 
L,,, L,,, 
L,, ao L,, L,, L,, 0 L,, 
L,, L,, L,, aig L,, L,,, ay |? 
L,,, als 416 a7 L,, L,,, 29 
0% Vickey, “Tas Bg. >: Tey. 
be | Shea. “he. 
be |g, Ole, he. IE eget SiS 20 
L,., L,,, L,., 0 L,,, 
L,,, L,,, L,, L,., 0 


be a semigroup super matrix semivector space of refined 
labels over Lavy 63 under addition. 


a) Find dim V. 


b) Find Hom, (V,V). 
RTU{0} 


c) Find W,, ..., W; in V so that V = U W; where W;’s are 
semigroup super matrix semivector subspaces of V over 
De sisi where W; 0 Wj = 0 ifi4j 1<i,j St. 
70. Find some nice applications of set super matrix semivector 
spaces defined over the set S = L,, Gene 
2" {0} R*U{0} 
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71. 


72. 


73. 


74. 


75. 


Does there exists a set super matrix semivector space which 
has no subset super matrix semivector subspace of refined 
labels? Justify your claim. 


Does there exist a semigroup super matrix semivector space 
of refined labels which has no subsemigroup super matrix 
semivector subspace of refined labels. 


Prove every integer set super matrix semivector space of 
refined labels has integer subset super matrix semivector 
subspace of refined labels! 


L, ;L, Lb, b,, 
L, L, L, L, 
Let Vs ‘||L,, €Lg¢ be a super 
a em Le L, 
Toe, ee ey Gy 


matrix vector space of refined labels over the field Lo. 

a) Can V have non trivial super matrix vector subspace of 
refined labels? 

b) Find Hom, (V,V). 


c) Does T: V—- V exist so that T’=T? (T#I). 
d) Find L,, (V,LQ). 


[L.,, L, L, L, L,, ( 
ay L,, L, L,, L,, 
L, L,, L, L,. L,, 
Let V = L, L, L, L, L, L, = Les 0} be a 
L,, L,, L, L, L,, 
Ey Ly L, L,, L,, 
L, |b, ba ba, | La, 


semigroup super matrix semivector space of refined labels 


over the additive semigroup L,.. ee 
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76. 


77. 


78. 


a) Find dim V. 

b) Can V have non trivial semigroup submatrix semivector 
subspaces of refined labels over L,.. ie ? 

c) Can V_ have non trivial subsemigroup submatrix 
semivector subspaces of refined labels over 


; : 9 
subsemigroups in Leroi ee 
d) Find pseudo set super matrix semivector subspaces of 
refined labels over subsets in Les, ? 


e) Find Hom, (V,V). 
} 


RtULO 


\° 


Dy. ky, gy By Te We 
L, L, L, Ls L, E.. L, 

Let V -_ 1 1 1 1 1 1 1 L, E Lg 
Ep iy. ee De ee 
Ema Ces Semmes Doe Dove ip Oe Boe 


be a super matrix vector space of refined labels over Lr. 

a) Can V have proper super matrix vector subspaces of 
refined labels over Lp? 

b) Is V simple? 


Let V = L, €L,; be the super 


ay Q 


matrix vector space of refined labels over Lo. 
a) Is V simple? 
b) Find Hom, (V,LQ). 


L 
Let Ve s/L, |b, Lb, |b. eb 
L 
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be a super matrix semivector space over the semifield Low of 


79. 


80. 


{0} 
refined labels. 
a) Find dim of V over Lo oe 


b) Is V simple? 
c) Find Hom, (V,V). 
ufo} 


2 


Let V = L. eL be a 


ay R*U{0} 


2 


Pie ee 
Sl ameal ls. 
col cael se 
i et ee 
a a sg 


2 
2 
T) 
2 
2 


super matrix semivector space of refined labels over 
L 


R*U{0}* 
a) Is V simple? 
b) Can V have substructures if instead of L 


defined over L 


R*U{0}* 


c) Find Hom, (V,V). 
RtU{0} 


V is 


R*U{0}’ 


d) FindT:V— Vso that T" exist. (Is this possible). 
e) CanT:V-—V be such that T.T=T(T #1)? 


Ben Be Ly Te, | 
gens a Be 
L, L, L, L, 
Let V= 3}, )L, b, Lb, Li Les thi be a group 
Lye |ae Lye Dy, 
L, |L, Lb, Lo, 
L, |L, L,, L,, 


super matrix semivector spaces refined labels over the 
multiplicative group L_.. 
R 


a) Is V simple? 
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b) 
co) 
d) 


e) 


Does V have subgroup super matrix semivector 
subspaces? 

Does V_ contain pseudo semigroup super matrix 
semivector subspaces? 

Can V have pseudo set super matrix semivector 
subspaces of refined labels? 

Find Hom, (V,V). 


81. Characterize simple super matrix vector spaces of refined 
labels over Lr or Lg. 


82. Let V= 


7 


oe 
S 


2 
oe 


ee ee 


2 


Leb. Asisi2} be a integer set super matrix 


U{O}? 


semivector space of refined labels over Z* U {0}. 


a) 
b) 
Cc) 
d) 
e) 


Find W;’s in V so that V = U W;; W, 7 W; = 6 if i 4). 
Find Hom, CV, V). 

Is V simple? 

Is V finite dimensional? 

Can V have subset integer super matrix semivector 


subspaces of refined labels over S c Z* U {0}? 
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83. 


84. 


85. 


86. 


87. 


Find the algebraic structure enjoyed by Hom, (V,V) 
where Y= (L,[Tye cal|kg ~Ly || Ly Wie das 


Find the algebraic structure of L,. (V,L,) where V is 


given in problem 83. 


Find the algebraic structure of where V = 
E Ey 


ay ay ay 


L L ri] pet 


ay ay a 


Et 
eS 


L, € Lovcyo | SFOUP super matrix semivector space of 


refined labels over the multiplicative group L ot 


If L ot is replaced by the semigroup L under addition, 


Q* Ufo 
V becomes the semigroup super matrix semivector space of 
refined labels over L ; semigroup under addition. 


Q*U(0} 
Find Hom, (V,V). 
Qt ufo} 
a) Compare Hom, (V,V) in problem 86 with 


QrUfo} 


Hom, (V,V). 
{ 0} 
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88. 


89. 


90. 


91. 


92. 


93. 


94. 


2 


2 


Let V = 


tt Ee acted 


2 


L, €Lg,- be a super matrix (column 


ie 


2 


ay 


vector) vector space of refined labels over the field Lp. 
a) Find Hom, (V,V). 


by de VL. 


Obtain some _ interesting properties enjoyed by 
Hom, | (V,V), V is a super row vector, vector space of 


refined labels over Lg. 


What are the applications of super square symmetric matrix 
vector space of refined labels over Lp? 


What are the applications of super skew symmetric matrix 
vector space of refined labels over Lg? 


If V is a diagonal super matrix collection of refined labels 
vector space over Lr; can we speak of eigen values and 


eigen vectors of refined labels over Lp? 


Can the theorem of diagonalization be adopted for super 
square matrix of vector space of refined labels over Lr? 


Study super model of refined labels using the refined labels 
as attributes. 
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95. 


96. 


97. 


98. 


99. 


i L, Ls L,, | 
ey Cs Ly, 
Let V= 4} L,, | ba, | ba, |JL, €Lys1Si<i5> bea super 
ara ove | 
Les E. Ie 


matrix vector space of refined labels over Lo. 
a) Is V finite dimensional? 
b) Does V have a subspace of finite dimension? Justify. 


Obtain some interesting results related with hyperspace of 
super matrix vector space of refined labels. 


Obtain some applications of super matrix semivector spaces 


of refined labels over Lec 9) OF L osu 


Li, L,, L,, ly. 
L, | L, OL, |L,, 

Prove L = eg deg Ie L, €Lg31<isl6/ is 
en Dears Bea eB 


a group of super matrix of refined labels under addition. 


Prove a super matrix vector space of refined labels over Lg 
or Lp is never a super matrix linear algebra of refined labels 
over Lg or Lp. 


100. Let V = {[L, |L,, || L,, ]|L,, € Loi sis} be a 


super row matrix vector space of refined labels over Lo. 

V is of dimension 8. 

How many super row matrix vector spaces of refined labels 
of dimension 8 can be constructed over Lg? 
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101. If V= {mx n super matrix with entries from Lg} be a super 
matrix vector space of dimension mn over Lg. 
How many such spaces be constructed with m natural rows 
and n natural columns? 
[ple ge a» oe | 
L,. L,, L,, L,, 
102. LetT=/L, L, L,, L,, | be 5 x 4 matrix of refined 
L,, aig ais L,, 
L,, L,., L,,, L,,, 
labels. In how many ways can T be partitioned to form 
super matrix of refined labels. 
103. Does the partition of a matrix of refined labels affect the 
basis algebraic structure? 
L,, | L,, L,, a0 
104. If V = 4/L, | L, L, | 2, |b, ¢besisisl2;7 and 
L,, L,, L,, L,, 
L,, L, L,, L,, 
We= Lb. | Lb, La, | L,, | |b. ebeslsisl2; be two 
L,, L,, L,., L,,, 
super matrix vector space of refined labels over Lz. Is V = 
WwW? 
105. Let 
Ee Wee. Me, lee, il 
L, L, L, te L, 
Ve= : : : : "JIL, €L,;1<i<20 
L, L,,, L,., L,., L,., 
L,,, L,,, L,,, L,, L,,, 
and 
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106. 


107. 


Leltsisay| 


L,,, 
L,,, 
be two super matrix vector spaces of refined labels over Lr. 
a) IsV=W? 

b) Is dim V = dim W? 


c) Is Hom, (V,V) = Hom, (W,W)? 


Fe ae ea ms ie |L,,) |b, ¢Lalsiss} 


a3 


and W = 3/L, |L,, L,, | La, | La, | |La, e Leslsiss 
Deg | Lage Lge tlle? age 


be two super matrix vector space of refined labels over Lp? 
a) IsSV=W? 
b) Is L,, (V,L) = L,, (WL)? 


c) Is Hom,, (V,V) = Hom, (W,W)? 


Tie deg e Oh Tey 
0} Lb Li, ; 
Let V= gIOs Oe Hy L, €La;lsis4- and W 
Oy. ay, Ly 
fg Oe fy. 7 04 Mee 02) 
0 L, | 0 4 | O by 
L, Oj|;L, 0 4 O 
= a Ey |G, ly.) 0-0 L, €L,;lsis4 
Or fey, |) 20e= SO Tee, 0 
Dg. © 0) deg, Lg 0% Beg 


be two super matrix vector spaces of refined labels over Lp? 


287 


Is dim V = dim W? 
Is V = W? 
Find Hom, , (V,W). 


Is Hom, , (V,V) = Hom, , (W,W)? 
Is L,. (V,L,) = L,, (W,L,)? 
Find a basis for V and a basis for W. 


288 


FURTHER READING 


ABRAHAM, R., Linear and Multilinear Algebra, W. A. 
Benjamin Inc., 1966. 


ALBERT, A., Structure of Algebras, Colloq. Pub., 24, Amer. 
Math. Soc., 1939. 


ASBACHER, Charles, Introduction to Neutrosophic Logic, 
American Research Press, Rehoboth, 2002. 


BIRKHOFF, G., and MACLANE, S., A Survey of Modern 
Algebra, Macmillan Publ. Company, 1977. 


BIRKHOFF, G., On the structure of abstract algebras, Proc. 
Cambridge Philos. Soc., 31 433-435, 1995. 


BURROW, M., Representation Theory of Finite Groups, 
Dover Publications, 1993. 


CHARLES W. CURTIS, Linear Algebra — An introductory 
Approach, Springer, 1984. 


DEZERT, J., and SMARANDACHE, F., A new probabilistic 
transformation of belief mass assignment, Proceedings of 
the Fusion 2008 Conference, Germany, July, 2008. 


DUBREIL, P., and DUBREIL-JACOTIN, M.L., Lectures on 
Modern Algebra, Oliver and Boyd., Edinburgh, 1967. 


289 


10. 


11. 


12. 


13. 


14. 
15. 


16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


GEL'FAND, I.M., Lectures on linear algebra, Interscience, 
New York, 1961. 


GREUB, W.H., Linear Algebra, Fourth Edition, Springer- 
Verlag, 1974. 


HALMOS, P.R., Finite dimensional vector spaces, D Van 
Nostrand Co, Princeton, 1958. 


HARVEY E. ROSE, Linear Algebra, Bir Khauser Verlag, 
2002. 


HERSTEIN I.N., Abstract Algebra, John Wiley, 1990. 


HERSTEIN, I.N., and DAVID J. WINTER, Matrix Theory and 
Linear Algebra, Maxwell Pub., 1989. 


HERSTEIN, I.N., Topics in Algebra, John Wiley, 1975. 


HOFFMAN, K. and KUNZE, R., Linear algebra, Prentice Hall 
of India, 1991. 


Horst P., Matrix Algebra for social scientists, Hot, 
Rinehart and Winston inc, 1963. 


HUMMEL, J.A., Introduction to vector functions, Addison- 
Wesley, 1967. 


ILANTHENRAL, K., Special semigroup set linear algebra, 
Ultra Scientist of Physical Sciences, (To appear). 


JACOB BILL, Linear Functions and Matrix Theory , 
Springer-Verlag, 1995. 

JACOBSON, N., Lectures in Abstract Algebra, D Van 
Nostrand Co, Princeton, 1953. 


JACOBSON, N., Structure of Rings, Colloquium 
Publications, 37, American Mathematical Society, 1956. 


JOHNSON, T., New spectral theorem for vector spaces over 
finite fields Z,, M.Sc. Dissertation, March 2003 (Guided by 
Dr. W.B. Vasantha Kandasamy). 


KATSUMI, N., Fundamentals of Linear Algebra, McGraw 
Hill, New York, 1966. 


KEMENI, J. and SNELL, J., Finite Markov Chains, Van 
Nostrand, Princeton, 1960. 


290 


27. 


28. 
29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


KOSTRIKIN, A.I, and MANIN, Y. I., Linear Algebra and 
Geometry, Gordon and Breach Science Publishers, 1989. 


LANG, S., Algebra, Addison Wesley, 1967. 


LAY, D. C., Linear Algebra and its Applications, Addison 
Wesley, 2003. 


PADILLA, R., Smarandache algebraic __ structures, 
Smarandache Notions Journal, 9 36-38, 1998. 


PETTOFREZZO, A. J., Elements of Linear Algebra, Prentice- 
Hall, Englewood Cliffs, NJ, 1970. 


ROMAN, S., Advanced Linear Algebra, Springer-Verlag, 
New York, 1992. 


RORRES, C., and ANTON H., Applications of Linear 
Algebra, John Wiley & Sons, 1977. 


SEMMES, Stephen, Some topics pertaining to algebras of 
linear operators, November 2002. 
http://arxiv.org/pdf/math.CA/0211171 


SHILOV, G.E., An Introduction to the Theory of Linear 
Spaces, Prentice-Hall, Englewood Cliffs, NJ, 1961. 


SMARANDACHE, F., DEZERT, J., and XINDE LI, Refined 
Labels for Qualitative Information Fusion in Decision- 
Making Support Systems, 12 International Conference on 
Information Fusion, USA, July 6-9, 2009. 


SMARANDACHE, Florentin and DEZERT, J., (Editors), 
Advances and Applications of DSmT for Information Fusion 
(Collected Works), American Research Press, Rehobooth, 
2004. 


SMARANDACHE, Florentin, Collected Papers II, University 
of Kishinev Press, Kishinev, 1997. 


SMARANDACHE, Florentin, Special Algebraic Structures, in 
Collected Papers III, Abaddaba, Oradea, 78-81, 2000. 


THRALL, R.M., and TORNKHEIM, L., Vector spaces and 
matrices, Wiley, New York, 1957. 


VASANTHA KANDASAMY, W.B., Linear Algebra and 
Smarandache Linear Algebra, Bookman Publishing, 2003. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 
50. 


51. 


VASANTHA KANDASAMY, W.B., On a new class of 


semivector spaces, Varahmihir J. of Math. Sci., 1 , 23-30, 
2003. 


VASANTHA KANDASAMY, W.B., On fuzzy semifields and 
fuzzy semivector spaces, U. Sci. Phy. Sci., 7, 115-116, 
1995. 


VASANTHA KANDASAMY, W.B., On semipotent linear 
operators and matrices, U. Sci. Phy. Sci., 8, 254-256, 1996. 


VASANTHA KANDASAMY, W.B., Semivector spaces over 
semifields, Zeszyty Nauwoke Politechniki, 17, 43-51, 1993. 


VASANTHA KANDASAMY, W.B., SMARANDACHE, Florentin 
and K. ILANTHENRAL, Set Linear Algebra and Set Fuzzy 
Linear Algebra, InfoLearnQuest, Phoenix, 2008. 


VASANTHA KANDASAMY, W.B., and SMARANDACHE, 
Florentin, Super Linear Algebra, Infolearnquest, Ann 
Arbor, 2008. 


VASANTHA KANDASAMY, W.B., and SMARANDACHE, 
Florentin, DSm vector spaces of refined labels, Zip 
publishing, Ohio, 2011. 


VOYEVODIN, V.V., Linear Algebra, Mir Publishers, 1983. 


ZADEH, L.A., Fuzzy Sets, Inform. and control, 8, 338-353, 
1965. 


ZELINKSY, D., A first course in Linear Algebra, Academic 
Press, 1973. 


292 


INDEX 


B 
Abelian group of super column vectors of refined labels, 112-4 
D 


Diagonal super matrix, 12-3 

Direct sum of integer super matrix semivector subspaces of 
refined labels, 190-7 

Direct sum of super semivector subspaces of refined labels, 

168-173 

Direct sum of super vector subspaces of refined labels, 143-9 

Direct union or sum of super row vector subspaces, 104-5 

DSm field of refined labels, 34-5 

DSm field of refined labels, 32-3 

DSm linear algebra of refined labels, 34-6 

DSm semifield, 53-5 


F 

FLARL(DSm field and Linear Algebra of Refined Labels), 32-4 
G 

Group of super column vectors, 27-8 

Group of super matrices, 28-30 


Group of super row vectors, 25-6 
Group super matrix semivector space of refined labels, 236-9 


293 
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